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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

The hyperbolic plane

» The hyperbolic plane is the upper half-plane
H={z=x+iy: x,yeR, y>0}cCC.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

The hyperbolic plane

» The hyperbolic plane is the upper half-plane
H={z=x+1iy: x,yeR, y>0}cC.
dx? + dy?

» Metric: ds? = 5
y
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The hyperbolic plane

» The hyperbolic plane is the upper half-plane
H={z=x+1iy: x,yeR, y>0}cC.
dx? + dy?
v
» Length of a differentiable curve v(t) = x(t) + iy(t):

x'(t)2 1(+)2

» Metric: ds? =
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The hyperbolic plane

» The hyperbolic plane is the upper half-plane
H={z=x+1iy: x,yeR, y>0}cC.
dx? + dy?
v
» Length of a differentiable curve v(t) = x(t) + iy(t):

» Metric: ds? =

» The distance of two points is the infimum of the lengths of

x dy

the curves joining them; the area is —
y
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

The hyperbolic plane

» The hyperbolic plane is the upper half-plane
H={z=x+1iy: x,yeR, y>0}cC.
dx? + dy?
v
» Length of a differentiable curve v(t) = x(t) + iy(t):

» Metric: ds? =

» The distance of two points is the infimum of the lengths of
x dy

the curves joining them; the area is —
y

» We will use a trick: we compute one length, and obtain
everything else by symmetry.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

A first geodesic

» Lemma: the curve 7 : [0,a] — H, ~(t) = ie’, has length a,
and it is the shortest curve from i to ie?.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

A first geodesic

» Lemma: the curve v : [0,a] — H, ~(t) = ie!, has length a,
and it is the shortest curve from i to ie?.

a./ 2t
» Proof, length: /() :/ % dt =a
0
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

A first geodesic

» Lemma: the curve v : [0,a] — H, ~(t) = ie!, has length a,
and it is the shortest curve from i to ie?.
a./ ot
» Proof, length: /(~) :/ %dt =a
0
» Proof, minimality: let 0(t) = x(t) + iy(t), 0 < t < b, with
y(0) =1 and y(b) = €. Then

b /12 2 b 1
0(0) = Xiﬂdt > Y dt = [logy]b:a.
0 y Jo Y 0
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

A first geodesic

Pierre Arnoux

Lemma: the curve v : [0, a] — H, y(t) = /e, has length a,
and it is the shortest curve from i to ie?.

a./ 2t
Proof, length: /(v) :/ % dt =a
0

Proof, minimality: let 6(t) = x(t) + iy(t), 0 < t < b, with
y(0) =1 and y(b) = €. Then

b /2 2 b .
6(5)_/0 Xy+ydt > /o y;dt:[logy}g:a.

This is the only length we compute: for everything else we use
the action of a group.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The unimodular group acts on the hyperbolic plane

» Proposition: the group SL(2,R) of real matrices of
determinant 1 acts on H by

az—+b a b
‘T aztd <c d>
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The unimodular group acts on the hyperbolic plane

» Proposition: the group SL(2,R) of real matrices of
determinant 1 acts on H by

az+b a b
. = — M: .
M-z cz+d’ <c d>

» Proof: we must show that M - z € H. This follows from
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The unimodular group acts on the hyperbolic plane

» Proposition: the group SL(2,R) of real matrices of
determinant 1 acts on H by

az+b a b
M . = — M = .
T aztd <c d>
» Proof: we must show that M - z € H. This follows from

3(2)

S(M-2) = 2
3(M-2) |cz + d|?

» We must also show M - (M'-z) = (MM') - z: a direct

computation; or the action is the projective action on the
complex lines of C2.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, F

The hyperbolic plane

The unimodular group acts on the hyperbolic plane

» Proposition: the group SL(2,R) of real matrices of
determinant 1 acts on H by

az+b a b
M . = — M = .
T aztd <c d>
» Proof: we must show that M - z € H. This follows from

3(2)

» We must also show M - (M’ -z) = (MM’) - z: a direct
computation; or the action is the projective action on the
complex lines of C2.

» The matrix —Id acts trivially: the effective group is
PSL(2,R) = SL(2, R)/{=Id}.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

Transitivity and stabilizer

» Proposition: SL(2,R) acts transitively on H, and the
stabilizer of i is SO(2,R).
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. The hyperbolic metric on the upper half-plane
The hyperbolic plane The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

Transitivity and stabilizer

» Proposition: SL(2,R) acts transitively on H, and the
stabilizer of i is SO(2,R).

» Hence H is isomorphic to the quotient space
SL(2,R)/SO(2,R).

Pierre Arnoux hyperbolic geometry and the modular surface 5/30



The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

Transitivity and stabilizer

» Proposition: SL(2,R) acts transitively on H, and the
stabilizer of i is SO(2,R).

» Hence H is isomorphic to the quotient space
SL(2,R)/SO(2,R).

» Proof: left as an exercise.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The action preserves the hyperbolic metric

» Proposition: the left action of SL(2,R) preserves the
hyperbolic metric.
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. The hyperbolic metric on the upper half-plane
The hyperbolic plane The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The action preserves the hyperbolic metric

» Proposition: the left action of SL(2,R) preserves the
hyperbolic metric.

» Proof: the derivative of z— M-z is because

o
(cz 4 d)?
ad — bc = 1). So the Euclidean length of a tangent vector is

multiplied by W
cz
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

The action preserves the hyperbolic metric

» Proposition: the left action of SL(2,R) preserves the
hyperbolic metric.

» Proof: the derivativeof z— M-z is because

o
(cz+ d)?
ad — bc = 1). So the Euclidean length of a tangent vector is

multiplied by W
cz

» But the height &z is multiplied by the same factor, so the
hyperbolic length of the tangent vector does not change.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The action preserves the hyperbolic metric

» Proposition: the left action of SL(2,R) preserves the
hyperbolic metric.

» Proof: the derivativeof z— M-z is because

o
(cz+ d)?
ad — bc = 1). So the Euclidean length of a tangent vector is

multiplied by W
cz

» But the height $z is multiplied by the same factor, so the
hyperbolic length of the tangent vector does not change.

» Corollary: the action of SL(2,R) preserves the length of
curves, the distance between points, and the geodesics.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The cross ratio

» Definition: the cross ratio of four points is

71 —23 Zp— 23

[21722723724] - . .
Z1 — 24 2o — 2Z4
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The cross ratio

» Definition: the cross ratio of four points is

z21—23 2—23

(21,22, 23, 24] = : :
Z1 — 24 2o — 2Z4

» Lemma: four points are cocyclic (on a circle or a line) if and
only if their cross ratio is real.
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. The hyperbolic metric on the upper half-plane
The hyperbolic plane The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The cross ratio

» Definition: the cross ratio of four points is

z21—23 2—23

(21,22, 23, 24] = : :
Z1 — 24 2o — 2Z4
» Lemma: four points are cocyclic (on a circle or a line) if and
only if their cross ratio is real.
» Proof: the argument of 22=2 is the angle z;z,z3. If the cross
. Az —
ratio is real, the angles z3z;z3 and z4z>z3 are equal mod ; by

elementary geometry, z» is on the circle through z4, z1, z3.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

The cross ratio is invariant

» Lemma: the action of SL(2,R) on C preserves the cross ratio of
four points.
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. The hyperbolic metric on the upper half-plane
The hyperbolic plane The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The cross ratio is invariant

» Lemma: the action of SL(2,R) on C preserves the cross ratio of
four points.

» Proof: direct computation. Or: given three distinct points
71, 72, 73, there is a unique homography sending z; — 00, zo + 0,

Z] — Z Zy — Z .
73— 1, namely f(z) = 22— 2 - 2% and it sends z to the
-z -z

cross ratio. So the cross ratio is an invariant of the four points.
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. The hyperbolic metric on the upper half-plane
The hyperbolic plane The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The cross ratio is invariant

» Lemma: the action of SL(2,R) on C preserves the cross ratio of
four points.

» Proof: direct computation. Or: given three distinct points
71, 22, 73, there is a unique homography sending z; — o0, z — 0,

Z1 — 23 22— 23

z3+— 1, namely f(z) = . and it sends z4 to the

—z z—z
cross ratio. So the cross ratio is an invariant of the four points.

> Corollary: the action of SL(2,R) preserves circles (lines being
generalized circles): four points are on a circle iff their cross ratio is

real, and this is preserved.

Pierre Arnoux hyperbolic geometry and the modular surface 8/30



. The hyperbolic metric on the upper half-plane
The hyperbolic plane The action of SL(2, R)

The unit tangent bundle, and the actions of SL(2, F

The cross ratio is invariant

Pierre Arnoux

Lemma: the action of SL(2,R) on C preserves the cross ratio of
four points.

Proof: direct computation. Or: given three distinct points

71, 22, 73, there is a unique homography sending z; — o0, z — 0,
21 —23 20— 73

z3+— 1, namely f(z) = . and it sends z4 to the
z

—z z—z

cross ratio. So the cross ratio is an invariant of the four points.
Corollary: the action of SL(2,R) preserves circles (lines being
generalized circles): four points are on a circle iff their cross ratio is
real, and this is preserved.

The action also preserves R, and, being conformal, it preserves
orthogonality. So it acts on the family of circles orthogonal to R.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of S

The hyperbolic plane

The geodesics of the hyperbolic plane

» Theorem: the geodesics of H are the
vertical half-lines and the half-circles
orthogonal to R.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The geodesics of the hyperbolic plane

» Theorem: the geodesics of H are the
vertical half-lines and the half-circles
orthogonal to R.

» Proof: z — z + a sends the vertical
axis to the line x = a; z — 75 sends
it to the circle through 0 and —1;
translating again, we get all
half-circles: the group is transitive on
this family.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The geodesics of the hyperbolic plane

» Theorem: the geodesics of H are the
vertical half-lines and the half-circles
orthogonal to R.

» Proof: z +— z + a sends the vertical
axis to the line x = a; z — —1 sends
it to the circle through 0 and —%;
translating again, we get all
half-circles: the group is transitive on
this family.

» The vertical axis is a geodesic and the
group acts by isometries: all these
curves are geodesics.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The geodesics of the hyperbolic plane

» Theorem: the geodesics of H are the
vertical half-lines and the half-circles
orthogonal to R.

» Proof: z +— z + a sends the vertical
axis to the line x = a; z — —1 sends
it to the circle through 0 and —%;
translating again, we get all
half-circles: the group is transitive on
this family.

»> The vertical axis is a geodesic and the
group acts by isometries: all these
curves are geodesics.

» Through any tangent direction there is
exactly one such curve: there are no
other geodesics.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The unit tangent bundle

» The group acts by isometries, and the action is differentiable:
it acts on the tangent bundle, and preserves the length of
tangent vectors. So it acts on the unit tangent bundle T1H.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The unit tangent bundle

» The group acts by isometries, and the action is differentiable:
it acts on the tangent bundle, and preserves the length of
tangent vectors. So it acts on the unit tangent bundle T1H.

» Lemma: SL(2,R) acts transitively on the left on T1H, and
the stabilizer of a point is {Id, —Id}, the center of the group.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The unit tangent bundle

» The group acts by isometries, and the action is differentiable:
it acts on the tangent bundle, and preserves the length of
tangent vectors. So it acts on the unit tangent bundle T1H.

» Lemma: SL(2,R) acts transitively on the left on T1H, and
the stabilizer of a point is {Id, —Id}, the center of the group.

» Choosing a base point (i, /) (the unit vector at i pointing up),
we identify T1H with PSL(2,R), an element being a matrix
up to sign.
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The hyperbolic metric on the upper half-plane

The hyperbolic plane The action of SL(2, R)

The unit tangent bundle, and the actions of SL(2, R)

The unit tangent bundle

Pierre Arnoux

The group acts by isometries, and the action is differentiable:
it acts on the tangent bundle, and preserves the length of

tangent vectors. So it acts on the unit tangent bundle T1H.

Lemma: SL(2,R) acts transitively on the left on T1H, and
the stabilizer of a point is {Id, —Id}, the center of the group.

Choosing a base point (i, i) (the unit vector at i pointing up),
we identify TTH with PSL(2,R), an element being a matrix
up to sign.

From now on we only deal with PSL(2, R).
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

One-parameter subgroups

» The group PSL(2,R) has one-parameter subgroups; the most
important are:
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The hyperbolic metric on the upper half-plane

The hyperbolic plane The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

One-parameter subgroups

> The group PSL(2,R) has one-parameter subgroups; the most

important are:

[ [

. . cosy  sing
> rotations (maximal compact subgroup): Ry = -2 2
—SIin 5 COos 5
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

One-parameter subgroups

> The group PSL(2,R) has one-parameter subgroups; the most
important are:

0 9

. . cos? siné
> rotations (maximal compact subgroup): Ry = .2 2
—Sin 5 Ccos 5

> the positive horocyclic subgroup: h = <(1) i>
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

One-parameter subgroups

01

> The group PSL(2,R) has one-parameter subgroups; the most
important are:
> rotations (maximal compact subgroup): Ry = cos 3 sin%
—sin g Cos 5
- . 4 1 s
> the positive horocyclic subgroup: h =

» the negative horocyclic subgroup: h; = (_19 (1)>
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

One-parameter subgroups

> The group PSL(2,R) has one-parameter subgroups; the most
important are:

0 0

. . cos3  sing
> rotations (maximal compact subgroup): Ry = .2 2
—Sin 5 Ccos 5

> the positive horocyclic subgroup: h = <é i)

> the negative horocyclic subgroup: h; = C ?)

. et/2 0
» the geodesic subgroup: g; = 0 e-t/2
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

One-parameter subgroups

>

The group PSL(2,R) has one-parameter subgroups; the most
important are:

0

. . cos? siné
> rotations (maximal compact subgroup): Ry = .2 2
—Sin 5 Ccos 5

> the positive horocyclic subgroup: h = <é i)

> the negative horocyclic subgroup: h; = C ?)

. et/2 0
> the geodesic subgroup: g; = 0 et/

> All these subgroups, acting on the right, define flows on
TYH = PSL(2,R): x — x g, x = x hE, ...
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The geodesic flow

» Proposition: the flow g; sends a unit vector (z, v) to the unit
vector (Z/,v') such that Z’ is on the geodesic determined by
(z,v), at distance t from z in the direction v.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The geodesic flow

» Proposition: the flow g; sends a unit vector (z, v) to the unit
vector (Z/,v') such that Z’ is on the geodesic determined by
(z,v), at distance t from z in the direction v.

» Proof: for the vertical geodesic, g; - (i,7) = (iet, ie'), and the
distance is t by the lemma.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The geodesic flow

» Proposition: the flow g; sends a unit vector (z, v) to the unit
vector (Z/,v') such that Z’ is on the geodesic determined by
(z,v), at distance t from z in the direction v.

» Proof: for the vertical geodesic, g; - (i, 1) = (iet, ie'), and the
distance is t by the lemma.

» In general, write x = M - (i,i). Then
xgr = (Mge) - (i,i) = M - (iet, ie*): the left action of M
commutes with the flow and preserves geodesics.
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The hyperbolic metric on the upper half-plane

The hyperbolic plane The action of SL(2, R)

The unit tangent bundle, and the actions of SL(2, R)

The geodesic flow

Pierre Arnoux

Proposition: the flow g; sends a unit vector (z, v) to the unit
vector (Z/,v') such that Z’ is on the geodesic determined by
(z,v), at distance t from z in the direction v.

Proof: for the vertical geodesic, g; - (i, i) = (ief, ie'), and the
distance is t by the lemma.

In general, write x = M - (i, 7). Then
xgr = (Mge) - (i,i) = M - (iet, ie*): the left action of M
commutes with the flow and preserves geodesics.

Hence the name geodesic flow.

hyperbolic geometry and the modular surface
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The horocycle flows

» hf-(i,i)= (i +s, i): the point moves along the horizontal
line y = 1, with the unit normal vector.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The horocycle flows

» hf-(i,i)= (i +s, i): the point moves along the horizontal
line y = 1, with the unit normal vector.

» A horocycle is a horizontal line, or a Euclidean circle tangent
to R: the limit of circles of the hyperbolic plane whose center
goes to infinity.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The horocycle flows

» hf-(i,i)= (i +s, i): the point moves along the horizontal
line y = 1, with the unit normal vector.

» A horocycle is a horizontal line, or a Euclidean circle tangent
to R: the limit of circles of the hyperbolic plane whose center
goes to infinity.

» The orbit of x = M - (i, i) under h is the image by M of this
picture: a horocycle with its unit normal field.
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The hyperbolic metric on the upper half-plane

The hyperbolic plane The action of SL(2, R)

The unit tangent bundle, and the actions of SL(2, R)

The horocycle flows

Pierre Arnoux

ht - (i,i) = (i +s, i): the point moves along the horizontal
line y = 1, with the unit normal vector.
A horocycle is a horizontal line, or a Euclidean circle tangent
to R: the limit of circles of the hyperbolic plane whose center
goes to infinity.
The orbit of x = M - (i, i) under h{ is the image by M of this
picture: a horocycle with its unit normal field.

) i S+ .
hy -i= - = i: a circle tangent to R at 0. The

1+si 1+s2

negative horocycles are based at 0 (the positive ones are based

at 00).

hyperbolic geometry and the modular surface

13/30



The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2

The hyperbolic plane

The fundamental property

» Fundamental property:

hi g = g h:;—r

X gt ¢+——— length se™*t

X +—— length s
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2,

The hyperbolic plane

The fundamental property

» Fundamental property:
hi gt = gehl, .

> Proof: multiply the matrices (by Xgtf—— length se—t
picture, or by computation). Be
careful: the action is on the right: this
is not the left action by isometries!
X +—— length s
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The fundamental property

» Fundamental property:
hi gt = gehl, .

> Proof: multiply the matrices (by Xgtf—— length se—t
picture, or by computation). Be
careful: the action is on the right: this
is not the left action by isometries!

> So x hi gt = x gt h!_.: the geodesic X length s

flow contracts the positive horocycles
in forward time.
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The hyperbolic metric on the upper half-plane
The action of SL(2, R)
The unit tangent bundle, and the actions of SL(2, R)

The hyperbolic plane

The fundamental property

» Fundamental property:

hi gt = gehl, .

> Proof: multiply the matrices (by x gt | length se—t
picture, or by computation). Be
careful: the action is on the right: this
is not the left action by isometries!

> So x hi gt = xg: h' _,: the geodesic X length s

se
flow contracts the positive horocycles

in forward time.

> Similarly h;” gr = gr h_.: negative
horocycles are expanded.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The modular group

» Definition: the modular group is the group SL(2,7Z) of
integral 2 x 2 matrices of determinant 1.
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A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The modular group

» Definition: the modular group is the group SL(2,7Z) of
integral 2 x 2 matrices of determinant 1.

» It is a discrete subgroup of SL(2,R): a compact subset of
SL(2,R) contains only finitely many elements of SL(2,7Z) (the
entries are bounded integers).
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The modular surface The geodesic flow on the modular surface

Some exercises

The modular group

» Definition: the modular group is the group SL(2,7Z) of
integral 2 x 2 matrices of determinant 1.

» It is a discrete subgroup of SL(2,R): a compact subset of
SL(2,R) contains only finitely many elements of SL(2,Z) (the
entries are bounded integers).

» So it acts on H in a properly discontinuous way. The
element —Id acts trivially: the effective group is PSL(2, Z).

Pierre Arnoux hyperbolic geometry and the modular surface 15/30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The modular group

Pierre Arnoux

Definition: the modular group is the group SL(2,7Z) of
integral 2 x 2 matrices of determinant 1.

It is a discrete subgroup of SL(2,R): a compact subset of
SL(2,R) contains only finitely many elements of SL(2,Z) (the
entries are bounded integers).

So it acts on H in a properly discontinuous way. The
element —Id acts trivially: the effective group is PSL(2,Z).

It is generated by T:z»—>z+1and5:z~>—%.

hyperbolic geometry and the modular surface
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A fundamental domain

» D={z: [Rz[ <%, |z| > 1}
Sz is a fundamental domain:
every orbit meets D, and two
interior points are never in
the same orbit.

N[
NI
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A fundamental domain

» D={z: [Rz| <}, |z| > 1}
Sz is a fundamental domain:
every orbit meets D, and two
interior points are never in

D )
the same orbit.
> The sides are identified by T
p—1 P (the two vertical sides) and
7 \\\ by S (the arc, folded at 7).
// \\
/ \
! \
! \
! \
L R
_1 1
2 2
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A fundamental domain

» D={z: [Rz| <}, |z| > 1}
Sz is a fundamental domain:
every orbit meets D, and two
interior points are never in

D .
the same orbit.
> The sides are identified by T

p—1 14 (the two vertical sides) and

,/ R by S (the arc, folded at /).
// \\\ 1/2 d
/ \ > Area: / / y dx =
I \\ 1/2 Vi Y

L 1 1 R 1/2
2 3 —_— =
/_1/2 V1 7X2 3
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The modular surface

» The quotient SL(2,Z)\H is the modular surface.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The modular surface

» The quotient SL(2,Z)\H is the modular surface.

» Two points have a nontrivial stabilizer: i (of order 2, fixed by
S) and p = e/™/3 (of order 3). The surface has two
singularities (cone points), of angles 7 and 2.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The modular surface

» The quotient SL(2,Z)\H is the modular surface.

» Two points have a nontrivial stabilizer: i (of order 2, fixed by
S) and p = e™/3 (of order 3). The surface has two
singularities (cone points), of angles 7 and 2.

» One can prove that it is topologically a sphere with one
puncture (the cusp, at co), and that it has finite area 7/3.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The modular surface

Pierre Arnoux

The quotient SL(2,Z)\H is the modular surface.

Two points have a nontrivial stabilizer: i (of order 2, fixed by
S) and p = e™/3 (of order 3). The surface has two
singularities (cone points), of angles 7 and 2.

One can prove that it is topologically a sphere with one
puncture (the cusp, at oo), and that it has finite area 7/3.

A neighborhood of the cusp is {3z > yo}/(z+— z + 1), of
area 1/yo. What does a cusp look like?

hyperbolic geometry and the modular surface
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The tractrix

» The curve of the dog who follows his master: the master walks
along the y-axis, and the leash of length a is always tangent to the
path of the dog (x, y).
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The tractrix

» The curve of the dog who follows his master: the master walks
along the y-axis, and the leash of length a is always tangent to the
path of the dog (x,y).

> The tangent at M = (x, y) meets the axis at (0, y — xy’), at
distance a from M: x2 + (xy’)? = a2, that is

dy a2 — x2
= -1 - 0 < a).
dx X (0<x=<a)
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The tractrix

» The curve of the dog who follows his master: the master walks
along the y-axis, and the leash of length a is always tangent to the
path of the dog (x,y).

> The tangent at M = (x, y) meets the axis at (0, y — xy’), at
distance a from M: x2 + (xy’)? = a2, that is
dy a2 — x2

- < a).
o . (0<x<a)

» Simplest parametrization (a = 1), with v > 0:

1
x = , y = u—tanhu.
cosh u
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The tractrix

» The curve of the dog who follows his master: the master walks
along the y-axis, and the leash of length a is always tangent to the
path of the dog (x,y).

> The tangent at M = (x, y) meets the axis at (0, y — xy’), at
distance a from M: x2 + (xy’)? = a2, that is

dy a2 — x2
=z - _r- = < a).
o . (0<x<a)

> Simplest parametrization (a = 1), with u > 0:

1
x = , y =u—tanhu.
cosh u
. dx _ _ tanhu dy __ 2 dy o . V/1-x2
» Check: = o duftanh u, so g = sinhu = .
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere

» Rotate the tractrix around its
asymptote: the pseudosphere P,

_ cos
~ coshu
_sinf
" coshu
Z = u—tanhu

with u > 0 and 0 € R/27Z.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere

»> Rotate the tractrix around its
asymptote: the pseudosphere P,

_ cosf
" coshu
_sinf
" coshu
Z = u—tanhu

with u > 0 and 0 € R/27Z.

> Meridians (6 constant):
tractrices. Parallels (u constant):

circles of radius %
cosh u
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere

»> Rotate the tractrix around its
asymptote: the pseudosphere P,

_ cosf
" coshu
_sinf
" coshu
Z = u—tanhu

with u > 0 and 0 € R/27Z.

> Meridians (6 constant):
tractrices. Parallels (u constant):

circles of radius _2—.
cosh u

» The rim u =0 is a singular edge
(cusp of the tractrix).

Pierre Arnoux hyperbolic geometry and the modular surface 19/30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Metric and curvature of the pseudosphere

> 0u(X,Y,Z) = (—tanht cosf, —fa0hugin g tanh® u), of

(éoshu COShL2I 5
squared norm tanh u(cos::nzu + tanh® u) = tanh® u.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Metric and curvature of the pseudosphere

> 0u(X,Y,Z) = (—oht o9, —BMU i g, tanh? u), of

cosh u cosh u
squared norm tanh? u (Cosiz -+ tanh? u) = tanh? u.
» 09(X,Y,Z) = 2 (—sinf,cosf,0): squared norm

cosh u
and orthogonal to d,,.

cosh? u'
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Metric and curvature of the pseudosphere

> 0u(X,Y,Z) = (—oht o9, —BMU i g, tanh? u), of

cosh u cosh u
squared norm tanh? u (Cosiz -+ tanh? u) = tanh? u.
» Jy(X,Y,2Z) = Coghu(— sinf, cosf,0): squared norm
and orthogonal to 9.

cosh? '
» First fundamental form:

d6?

2

ds? = tanh? u du? + )
cosh® u
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Metric and curvature of the pseudosphere

> 0u(X,Y,Z) = (—oht o9, —BMU i g, tanh? u), of

cosh u cosh u
squared norm tanh? u (Cosiz -+ tanh? u) = tanh? u.
» Jy(X,Y,2Z) = Coghu(— sinf, cosf,0): squared norm
and orthogonal to 9.

cosh? '
» First fundamental form:

d6?

2

ds® = tanh? u du? + )
cosh” u

» With o = Incosh u (arc length along the meridian):
ds?> = do? + e72°d6?. For ds?> = do? + p(o)?d6?, the

curvature is K = —p” /p: here (for a leash of length

a K=-1/3%).
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere is a piece of the hyperbolic plane

> Map (0,u) — z =0+ icoshu. Then
dz = df + isinh u du and

cusp dz[? d6? + sinh® u du?

T (Sz2)? cosh? u

= ds?.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere is a piece of the hyperbolic plane

> Map (0, u) — z =0+ icosh u. Then
dz = d0 + i sinh u du and

cusp |dz|? d6? + sinh? u du? 5
= — 5 = ds”.
T (S2) cosh” u
x=0 x =21 » So P is isometric to

{zeH:Sz>1}/(z— z+27): a
horoball quotiented by a translation. lts

area is 27 /0% tanh u co‘i‘éu = 2m.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere is a piece of the hyperbolic plane

> Map (0, u) — z =0+ icosh u. Then
dz = d0 + i sinh u du and

cusp ldz|2  d6? + sinh? u du? 5
N2 2 = ds”.
T (Sz) cosh” u
x=0 x =21 » So P is isometric to

{zeH:Sz>1}/(z— z+27): a
horoball quotiented by a translation. Its

area is 2 fooo tanh u co‘iﬁ - = 2m.

» Meridians < vertical geodesics x = 6.
Parallels ++ horocycles y = cosh u: they

are closed, of length 2r
cosh u
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere as a strip

» Translations and homotheties are
isometries of Hi: the dilation z — z/27
sends {Sz > 1}/(z — z + 27) to
{Sz> E}/(z— z+1).

27

x
\
|
N[
x
Il
NI

R

pseudosphere
_ 1
Y =2z
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere as a strip

> Translations and homotheties are
isometries of H: the dilation z +— z/27
sends {Sz > 1}/(z — z + 27) to
{Sz> LY/ (z— z+1).

» So the pseudosphere is the strip
{f% <x< %, y > %} with its two

T T~ vertical sides identified by z — z + 1:

the translation T of the modular group.

x
\
|
N[
x
Il
NI

pseudosphere
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The modular surface

The pseudosphere as a strip

The modular group and its action

A model of the cusp: the pseudosphere
The geodesic flow on the modular surface
Some exercises

N[
N[=

R

pseudosphere

Pierre Arnoux

hyperbolic geometry and the modular surface

Translations and homotheties are
isometries of H: the dilation z +— z/27
sends {Sz > 1}/(z — z + 27) to
{Sz > —}/(zr—>z+1)
So the pseudosphere is the strip
{=3<x<3, y> 5} with its two
vertical sides identified by z +— z + 1:
the translation T of the modular group.
The fundamental domain

={|x| <%, |z| >1}is conta/ned in
thls strip, since y > f > 5

22/30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The pseudosphere as a strip

> Translations and homotheties are
isometries of H: the dilation z +— z/27
sends {Sz > 1}/(z — z + 27) to
{Sz> LY/ (z— z+1).

> So the pseudosphere is the strip
{=3<x<3, y> 5} with its two

T T~ vertical sides identified by z +— z + 1:

the translation T of the modular group.

x
\
|
N[
x
Il
NI

» The fundamental domain

pseudosphere k . )
D ={|x| <1, |z| > 1} is contained in
. . . \/§ 1
— this strip, since y > %5 > .
Y= o » So the modular surface is the part of

the pseudosphere above the arc |z| =1,
whose boundary is then folded by S.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The cusp of the modular surface

> The cusp of the modular surface is {Sz > 1}/(z — z + 1) (the part
of the surface above height 1).

Pierre Arnoux hyperbolic geometry and the modular surface 23 /30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The cusp of the modular surface

> The cusp of the modular surface is {Sz > 1}/(z — z + 1) (the part
of the surface above height 1).

> In the strip picture, this is the end {y > 1}: after the dilation by
27, it is the end {cosh u > 27} of a pseudosphere. The cusp of
the modular surface looks like the end of a pseudosphere.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The cusp of the modular surface

> The cusp of the modular surface is {Sz > 1}/(z — z + 1) (the part
of the surface above height 1).

> In the strip picture, this is the end {y > 1}: after the dilation by
27, it is the end {cosh u > 27} of a pseudosphere. The cusp of
the modular surface looks like the end of a pseudosphere.

» The horizontal horocycles of the cusp are closed curves of length
1/y: periodic orbits of the horocycle flow, shorter and shorter at
the cusp.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The cusp of the modular surface

Pierre Arnoux

The cusp of the modular surface is {Sz > 1}/(z — z + 1) (the part
of the surface above height 1).

In the strip picture, this is the end {y > 1}: after the dilation by
27, it is the end {cosh u > 27} of a pseudosphere. The cusp of
the modular surface looks like the end of a pseudosphere.

The horizontal horocycles of the cusp are closed curves of length
1/y: periodic orbits of the horocycle flow, shorter and shorter at
the cusp.

Remark (Hilbert, 1901): H cannot be realized in R® as a complete
surface of curvature —1: the pseudosphere has a singular rim, and
models only the end.

hyperbolic geometry and the modular surface
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A perspective view of the modular surface

> Glue the vertical sides of D by T:
the end of a pseudosphere,
bounded by a closed curve (red),
the image of the arc |z] = 1.

cusp
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A perspective view of the modular surface

» Glue the vertical sides of D by T:
the end of a pseudosphere,
cusp bounded by a closed curve (red),
the image of the arc |z] = 1.

» With 6 = 27x, it is

cosh u = v4n2 — 02, 0] < .
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A perspective view of the modular surface

» Glue the vertical sides of D by T:
the end of a pseudosphere,
bounded by a closed curve (red),
the image of the arc |z] = 1.

> With 6 = 27x, it is

coshu = v4n2 — 602, |0] < .

» Folding this curve by z — 7%
gives the modular surface: the
fixed point is i (cone point of

N order 2); p ~ p — 1 is the cone
: point of order 3.

cusp
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A perspective view of the modular surface

» Glue the vertical sides of D by T:
the end of a pseudosphere,
bounded by a closed curve (red),
the image of the arc |z] = 1.

> With 6 = 27x, it is
coshu =472 — 62, 10| < 7.

> Folding this curve by z — —2
gives the modular surface: the
fixed point is i (cone point of

N order 2); p ~ p — 1 is the cone
y AN point of order 3.

cusp

- ~ » No identification is drawn. Not to
scale: horizontal distances x4.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The flows on the modular surface

» Let [ = PSL(2,Z) and G = PSL(2,R). The group I' acts on
the Jeft on G = T1H, the flows act on the right: they
commute with I', and define flows on
MG = T!(modular surface).
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The flows on the modular surface

» Let I = PSL(2,Z) and G = PSL(2,R). The group ' acts on
the Jeft on G = T'H, the flows act on the right: they
commute with ', and define flows on
MG = TY(modular surface).

» The Haar measure of G is invariant by right translations, and
gives a finite measure on '\ G (the Liouville measure), of total
272

mass 7 x 2m = <3~ (area times the length of the fibre circle).
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

The flows on the modular surface

» Let I = PSL(2,Z) and G = PSL(2,R). The group ' acts on
the Jeft on G = T'H, the flows act on the right: they
commute with ', and define flows on
MG = TY(modular surface).

» The Haar measure of G is invariant by right translations, and
gives a finite measure on '\ G (the Liouville measure), of total
272

mass 3 x 21 = =2- (area times the length of the fibre circle).

» The geodesic flow preserves this measure: it is a measure
preserving flow on the unit tangent bundle of the modular
surface. The same is true for the horocycle flows.

Pierre Arnoux hyperbolic geometry and the modular surface 25 /30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A more general situation

» Remark: the proofs that follow work for a more general case
than the modular surface. All we need is a discrete subgroup '
of SL(2,R) such that N\SL(2,R) has finite Haar measure
(equivalently, M'\H has finite hyperbolic area): I is then called
a lattice.
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

A more general situation

» Remark: the proofs that follow work for a more general case
than the modular surface. All we need is a discrete subgroup '
of SL(2,R) such that MN\SL(2,R) has finite Haar measure
(equivalently, M\H has finite hyperbolic area): T is then called
a lattice.

» For the last theorems we need a stronger assumption: ['\H is
compact. This is not the case for the modular surface,

because of the cusp; slightly weaker versions of these theorems
hold for it.

Pierre Arnoux hyperbolic geometry and the modular surface 26 /30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Exercises (1/4): the hyperbolic plane

Pierre Arnoux

Exercise 1. Show that S(M - z) = and that

(MM') -z =M (M- z).

_ ¥
lcz + d|?’
Exercise 2. Show that SL(2,R) acts transitively on H, and that the
stabilizer of i is SO(2,R).

Exercise 3. Find the geodesic through i and 2 + /, and compute
the hyperbolic distance d(i,2 + i).

Exercise 4. Compute the hyperbolic area of the ideal triangle with
vertices 0, 1, oco.

2
Exercise 5 (x). Show that cosh d(z, w) = 1 + %

hyperbolic geometry and the modular surface

27/30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Exercises (2/4): flows and the modular group

Pierre Arnoux

Exercise 6. Verify the fundamental property hlg: = gth:e,t, and
find the corresponding relation for h_ .

Exercise 7. Describe the orbits of g, hl and h_ through the
vertical unit vector at xg + iyp.

Exercise 8. Show that SL(2,Z) is a discrete subgroup of SL(2,R),
and that it acts properly discontinuously on H.

Exercise 9 (). Show that every point of H is equivalent under
SL(2,Z) to a point of D = {|x| < %, |z| > 1}.

Exercise 10. Show that the horocycle {y = yp} of the modular
surface has length 1/yp and that the region {y > yo} has area 1/yq

(yo>1).

hyperbolic geometry and the modular surface
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The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Exercises (3/4): the pseudosphere

» Exercise 11. Show that the surface of revolution of the tractrix
with a leash of length a has curvature —1/a°.

» Exercise 12. Compute the area of the pseudosphere, and the length
of the parallel at height u. Show that the meridians have infinite
length.

> Exercise 13. Show that the arc |z| = 1 of the fundamental domain
corresponds, on the pseudosphere, to the curve

coshu =42 — 02, 10| <.

Pierre Arnoux hyperbolic geometry and the modular surface 29 /30



The modular group and its action

A model of the cusp: the pseudosphere
The modular surface The geodesic flow on the modular surface

Some exercises

Exercises (4/4): closed geodesics

> Exercise 14 (x). Let M € SL(2,R) with |[tr M| > 2. Show that M
preserves a geodesic of H, on which it acts by a translation of
length 2 arccosh(|tr M|/2). Compute the length of the closed
geodesic of the modular surface associated with (i D and
compare it with the golden ratio.

> Exercise 15 (x). Show that any geodesic which is not a vertical line
is completely determined by its extremities x; and x_ (be careful
that geodesic are oriented). If v is a geodesic, and A an element of
SL(2,7Z), what are the extremities of Ay? Suppose that the
geodesic g crosses the usual fundamental domaine for SL(2, Z;
what can we say of the signs of x; and x_ 7 Is it possible in this
case to compute the continued fraction of the extremities of A~y for
A corresponding to —1/z or z — 17 Can you see a possible link to
the Gauss map?
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