Pierre Arnoux

Examples in dynamical systems

Interval exchanges, Rauzy induction and

Arnoux—Rauzy sequences

Pierre Arnoux

Lecture 9

Interval exchanges, Rauzy induction

1/56



Interval exchanges Definition and coordinates

From rotations to interval exchanges

» A rotation of angle « is the first return map to a transversal circle of
the linear flow of slope « on the torus C/A: lattices are the flat tori.
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Interval exchanges

From rotations to interval exchanges

>

>
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A rotation of angle « is the first return map to a transversal circle of
the linear flow of slope « on the torus C/A: lattices are the flat tori.

Interval exchanges are the next case: first return maps to a
transversal interval of the straight line flow on a translation surface
(a surface of genus g > 2 obtained by gluing polygons by
translations).

The space of lattices SL(2,R)/SL(2,Z) is replaced by the moduli
space of translation surfaces; the Gauss map and the continued

fraction are replaced by the induction of interval exchanges (Rauzy,
Veech).

We study here the dynamics of a single interval exchange:
minimality criteria (Keane).
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Interval exchanges Definition and coordinates

Interval exchange transformations: definition

» Definition: cut [0,1] into k intervals /; = [xi_1, x;[, with
0=xp <x3 < - <xk, =1, and rearrange them by
translations: T(x) = x + 7; for x € [;, so that T is a bijection

of [0, 1].

Pierre Arnoux Interval exchanges, Rauzy induction 3/56



Interval exchanges Definition and coordinates

Interval exchange transformations: definition

» Definition: cut [0,1] into k intervals /; = [xi_1, x;[, with
0=xp <x3 <:--<x, =1, and rearrange them by
translations: T(x) = x + 7; for x € [;, so that T is a bijection
of [0,1].

» Equivalently: a bijection of [0, 1], continuous on the right, with
right derivative 1, and continuous except at k — 1 points.

Pierre Arnoux Interval exchanges, Rauzy induction 3/56



Interval exchanges Definition and coordinates

Interval exchange transformations: definition

» Definition: cut [0,1] into k intervals /; = [xi_1, x;[, with
0=xp <x3 <:--<x, =1, and rearrange them by
translations: T(x) = x + 7; for x € [;, so that T is a bijection
of [0,1].

» Equivalently: a bijection of [0, 1], continuous on the right, with
right derivative 1, and continuous except at k — 1 points.

» The /; are the continuity intervals; D = {xj,...,xx_1} is the
set of discontinuities.

Pierre Arnoux Interval exchanges, Rauzy induction 3/56



Interval exchanges

Interval exchange transformations: definition
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Definition: cut [0, 1] into k intervals /; = [x;_1, x;[, with
0=xp <x3 <:--<x, =1, and rearrange them by
translations: T(x) = x + 7; for x € [;, so that T is a bijection
of [0,1].

Equivalently: a bijection of [0, 1], continuous on the right, with
right derivative 1, and continuous except at k — 1 points.

The I; are the continuity intervals; D = {xy,...,xx_1} is the
set of discontinuities.

k =2: T(x) = x4 A2 mod 1 is a rotation. Interval
exchanges generalize rotations.
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Interval exchanges Definition and coordinates

Coordinates (\, )

» Lengths: \; = |/i| = x; — xj_1, so
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Interval exchanges Definition and coordinates

Coordinates (\, )

» Lengths: \; = |/i| = x; — xj_1, so
)\:(Al,...,)\k) EAk:{)\ERI;O : Z)\,’Z 1}.

» Permutation: the images T(/;) are intervals; call
J1 < -+ < Ji the images, ordered from left to right. Then
T(/;) = Jx(i), where 7 is a permutation of {1,...,k}: the
rank of the image.
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Interval exchanges Definition and coordinates

Coordinates (\, )

» Lengths: \; = |/i| = x; — xj_1, so
)\:()\1,...,)\;{) EAk:{)\ERI;O : Z)\,’Z 1}.

» Permutation: the images T(/;) are intervals; call
J1 < -+ < Ji the images, ordered from left to right. Then
T (i) = Jx(i), where 7 is a permutation of {1,..., k}: the
rank of the image.

» Translation vectors:

= > AN-DN

m(j)<m(i) j<i

(left end of Jr(;y minus left end of /;).
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Interval exchanges Definition and coordinates

Coordinates (\, )

» Lengths: \; = |/i| = x; — xj_1, so
)\:()\1,...,)\;{) EAk:{)\ERI;O : Z)\,’Z 1}.
» Permutation: the images T(/;) are intervals; call
J1 < -+ < Ji the images, ordered from left to right. Then
T (i) = Jx(i), where 7 is a permutation of {1,..., k}: the
rank of the image.
» Translation vectors:
Z DI
(i) Jj<i
(left end of J.(;y minus left end of /;).

» So T = (A, ) is completely determined by A\ € Ay and
T e G.

Pierre Arnoux Interval exchanges, Rauzy induction 4 /56



Interval exchanges Definition and coordinates

Example: four intervals, the reversing permutation

w(i)=5—1i

[0, 1[} n | » | Iy | |
R
T 5 | J | 5| Iy |

Ti=X+d+M =X+ —A1, 3= — A1 — A2,
Ta = —(A1 4+ A2 + A3).
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Interval exchanges Definition and coordinates

First properties

» T is a bijection which is a translation on each /;: it preserves
the Lebesgue measure.
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First properties

» T is a bijection which is a translation on each /;: it preserves
the Lebesgue measure.

» T~ !is again an interval exchange, with the same number of
intervals, with permutation 7~ and lengths Ar=1(j)-

» For every n € Z, T" is an interval exchange; its discontinuities
lie in Up<jcp T/ D (for n > 0), so it has at most n(k — 1) +1
intervals.
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Interval exchanges Definition and coordinates

First properties

» T is a bijection which is a translation on each /;: it preserves
the Lebesgue measure.

» T~ !is again an interval exchange, with the same number of
intervals, with permutation 7~ and lengths Ar=1(j)-

» For every n € Z, T" is an interval exchange; its discontinuities
lie in Up<jcp T—/D (for n > 0), so it has at most n(k —1) +1
intervals.

» Reducible permutations: if 7({1,...,n}) = {1,...,n} for
some n < k, then [0, x,[ is invariant: T is never minimal. We
assume from now on that 7 is irreducible:

m({1,...,n}) #{1,...,n} forall n < k.
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Interval exchanges Induction: Keane's lemma

Keane's lemma: induction of an interval exchange

» Let T be an interval exchange on k intervals, and
I =[a, b[C [0,1]. For x €1, let
n(x) =inf{n>0: T"(x) € I} be the first return time.
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Keane's lemma: induction of an interval exchange

» Let T be an interval exchange on k intervals, and
I =la, b[C [0,1]. For x €1, let
n(x) =inf{n>0: T"(x) € I} be the first return time.

» Lemma (Keane): the first return map T;(x) = T"®)(x) is
defined everywhere on /, the return time is bounded, and T; is
again an interval exchange, with at most k + 2 intervals;
the return time is constant on each of them.

» Same idea as the induction of rotations: the induced system
belongs to the same family.
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Interval exchanges

Keane's lemma: induction of an interval exchange
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Let T be an interval exchange on k intervals, and

I =la, b[C [0,1]. For x €1, let

n(x) =inf{n>0: T"(x) € I} be the first return time.
Lemma (Keane): the first return map T;(x) = T"™)(x) is
defined everywhere on /, the return time is bounded, and T; is
again an interval exchange, with at most k + 2 intervals;
the return time is constant on each of them.

Same idea as the induction of rotations: the induced system
belongs to the same family.

Remark: a good choice of | keeps exactly k intervals: Rauzy
induction, the analogue of the Euclidean algorithm for interval
exchanges.
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Interval exchanges Induction: Keane's lemma

Proof of Keane's lemma

» T preserves the Lebesgue measure, so by Poincaré recurrence
almost every point of / returns to /.
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Proof of Keane's lemma

» T preserves the Lebesgue measure, so by Poincaré recurrence
almost every point of / returns to /.

» The return time and the translation can change only at the points
T—PW)(y), where y € DU {a, b} and
p(y) =inf{n>0: T~"(y) €]a, b[} is the first backward return
time of y in ]a, b[: at most k — 1+ 2 = k + 1 points.
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Interval exchanges

Proof of Keane's lemma
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T preserves the Lebesgue measure, so by Poincaré recurrence
almost every point of / returns to /.

The return time and the translation can change only at the points
T—P)(y), where y € DU {a, b} and

p(y) =inf{n>0: T~"(y) €]a, b[} is the first backward return
time of y in ]a, b[: at most k — 1+ 2 = k + 1 points.

These points cut / into at most k + 2 semi-open intervals J;. On
each of them n(x) = n; is constant and the iterates T/, j < n;, are
translations.

So the return time is defined and bounded (maxn;), and T; is a
bijection of / which is a translation on each J;: an interval exchange
with at most k + 2 intervals. l
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Interval exchanges Minimality: Keane's criteria

The Keane condition

» Let D> be the union of {1} and the orbits of the
discontinuities xq,...,xx_1. One checks that 0 € D*°.
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The Keane condition
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Interval exchanges Minimality: Keane's criteria

The Keane condition

» Let D™ be the union of {1} and the orbits of the
discontinuities xq,...,x,x_1. One checks that 0 € D°.

» Keane condition: (i) T is aperiodic (every orbit is infinite);
(i) if F is a finite union of semi-open intervals with endpoints
in D> and T(F)=F, then F =0 or F =10,1].

» Theorem (Keane): T is minimal (every orbit is dense) if
and only if it satisfies the Keane condition.

» In words: there is no invariant finite union of intervals with
endpoints in the orbits of the discontinuities.
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Interval exchanges Minimality: Keane's criteria

The Keane condition: idea of the proof

» (=) A proper invariant union of intervals contains the orbit of any
of its points: not dense. A periodic orbit is finite: not dense.
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Interval exchanges Minimality: Keane's criteria

The Keane condition: idea of the proof

» (=) A proper invariant union of intervals contains the orbit of any
of its points: not dense. A periodic orbit is finite: not dense.

» (<) Step I: aperiodicity and finite measure imply that D> is
dense in [0, 1]: otherwise, by finite measure, some T? would map a
gap of D into itself by a translation, hence by the identity, and its
points would be periodic.
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Interval exchanges Minimality: Keane's criteria

The Keane condition: idea of the proof

» (=) A proper invariant union of intervals contains the orbit of any
of its points: not dense. A periodic orbit is finite: not dense.

» (<) Step I: aperiodicity and finite measure imply that D*° is
dense in [0, 1]: otherwise, by finite measure, some TP would map a
gap of D into itself by a translation, hence by the identity, and its
points would be periodic.

» Step 2. take | = [a, b[ with a,b € D*°. By Keane's lemma, the
union F of the towers T/(J;), 0 < j < n;, is a finite union of
semi-open intervals with endpoints in D>, and T(F) C F. By
conservation of measure, T(F) = F: so F =[0,1][.
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Interval exchanges

The Keane condition: idea of the proof
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>
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(=) A proper invariant union of intervals contains the orbit of any
of its points: not dense. A periodic orbit is finite: not dense.

(«=) Step 1: aperiodicity and finite measure imply that D> is
dense in [0, 1]: otherwise, by finite measure, some TP would map a
gap of D into itself by a translation, hence by the identity, and its
points would be periodic.

Step 2. take | = [a, b[ with a, b € D>°. By Keane's lemma, the
union F of the towers T/(J;), 0 <j < n;, is a finite union of
semi-open intervals with endpoints in D>°, and T(F) C F. By
conservation of measure, T(F) = F: so F = [0, 1].

Step 3: so the backward orbit of every point meets /. The same
holds for T—1, which satisfies the condition too: every forward orbit
meets every |/ with endpoints in D°°, which are dense: T is
minimal. Wl
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Interval exchanges Minimality: Keane's criteria

The irrationality criterion

» Corollary (Keane's i.d.o.c.): if the orbits of the
discontinuities are infinite and distinct (no relation T7(x;) = x;
with n > 1), then T is minimal.
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The irrationality criterion

» Corollary (Keane's i.d.o.c.): if the orbits of the
discontinuities are infinite and distinct (no relation T7(x;) = x;
with n > 1), then T is minimal.

> )\ € RK is totally irrational if there is no nontrivial relation
Z niAj = 0 with n; € Z.
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Interval exchanges Minimality: Keane's criteria

The irrationality criterion

» Corollary (Keane's i.d.o.c.): if the orbits of the
discontinuities are infinite and distinct (no relation T7(x;) = x;
with n > 1), then T is minimal.

> )\ € RK is totally irrational if there is no nontrivial relation
> niAi = 0 with n; € Z.

» Theorem: if 7 is irreducible and \ is totally irrational, then
T = (A, 7) is minimal.
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Interval exchanges

The irrationality criterion
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Corollary (Keane’s i.d.o.c.): if the orbits of the

discontinuities are infinite and distinct (no relation T7(x;) = x;

with n > 1), then T is minimal.

X € R is totally irrational if there is no nontrivial relation
> niAi = 0 with n; € Z.

Theorem: if 7 is irreducible and ) is totally irrational, then
T = (A, 7) is minimal.

Corollary: for an irreducible 7, almost every A € Ay (for

Lebesgue measure) gives a minimal interval exchange: the
exceptional set is a countable union of hyperplanes.
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Interval exchanges

The irrationality criterion
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Corollary (Keane’s i.d.o.c.): if the orbits of the

discontinuities are infinite and distinct (no relation T7(x;) = x;

with n > 1), then T is minimal.

X € R is totally irrational if there is no nontrivial relation
> niAi = 0 with n; € Z.

Theorem: if 7 is irreducible and ) is totally irrational, then
T = (A, 7) is minimal.

Corollary: for an irreducible 7, almost every A € Ay (for

Lebesgue measure) gives a minimal interval exchange: the
exceptional set is a countable union of hyperplanes.

We prove the theorem by showing that the i.d.o.c. holds.

Interval exchanges, Rauzy induction

Minimality: Keane's criteria
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (1/2): a relation

» Veech’'s matrix: the translations are 7 = M™\, where
M = [m(c) > m(m)] — [c > m] is an antisymmetric integer matrix (+1
if c < mand w(c) > m(m); —=1if ¢ > m and 7(c) < w(m); 0 otherwise).
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (1/2): a relation

» Veech's matrix: the translations are 7 = M™ ), where
M ., = [m(c) > m(m)] — [c > m] is an antisymmetric integer matrix (+1
if c < mand 7(c) > w(m); =1 if ¢ > m and 7(c) < w(m); 0 otherwise).

» Suppose T"(x;) = x;, n > 1. Let ;, contain T*(x;): io =i+ 1 and
in=Jj+1. Then

i(/\/]”z\);[ =T"0q) —xi=x—x =Y ([m<j]—[m<i)Am.

Pierre Arnoux Interval exchanges, Rauzy induction 12 /56



Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (1/2): a relation

> Veech’'s matrix: the translations are 7 = M™\, where
M ., = [m(c) > m(m)] — [c > m] is an antisymmetric integer matrix (+1
if c < mand 7(c) > w(m); =1 if ¢ > m and 7(c) < w(m); 0 otherwise).
> Suppose T"(x;) = x;, n > 1. Let ;, contain T*(x;): io =i+ 1 and
in=Jj+1. Then

i(M”)\);( =T"(x)—xi=x—x=y ([m<j—[m<i)Am

» This is an integer linear relation )" cnAm =0, with
Cm = 1’5’;01/\/17T —[m<jl+[m< ]

ip,m
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (1/2): a relation

> Veech’'s matrix: the translations are 7 = M™\, where
M ., = [m(c) > m(m)] — [c > m] is an antisymmetric integer matrix (+1
if c < mand 7(c) > w(m); =1 if ¢ > m and 7(c) < w(m); 0 otherwise).
> Suppose T"(x;) = x;, n > 1. Let ;, contain T*(x;): io =i+ 1 and
in=Jj+1. Then

SOM A, = T7(x) = x = x5 — 5 = 3([m < 1 - [m < ) A

m

» This is an integer linear relation 3" cnAm =0, with
Cn = Y0 My — [m < j]+ [m < 1]

ig,m

» Letam =#{l<€[l,n]: ip>m}and byp =#{¢ €[0,n—1]: 7(i) > m}.
By the formula for M7 ,,, ¢m = br(m) — am:
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (2/2): 7 is reducible

> If \is totally irrational, the integer relation is trivial: ay, = by(n) for
all m.
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (2/2): 7 is reducible

> If X is totally irrational, the integer relation is trivial: am = by(m) for
all m.

» The sequences (an,) and (by,) are nonincreasing, with ay = by =0
(we never have k < iy < k) and a; > 0 (since i, =j +1 > 2).
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (2/2): 7 is reducible

> If X is totally irrational, the integer relation is trivial: am = by(m) for
all m.

» The sequences (ap,) and (b,,) are nonincreasing, with ax = by =0
(we never have k < iy < k) and a; > 0 (since i, =j+1 > 2).

» Let N =max{m: an > 0}: then 1 < N < k, and
{m: an >0} ={1,...,N}. Since b is nonincreasing,
{m": by >0} ={1,...,N'}, and a, = br(m) gives
7({1,...,N})={1,...,N'}, so N" = N.
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Interval exchanges

Proof of the irrationality criterion (2/2): 7 is reducible
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If \'is totally irrational, the integer relation is trivial: a, = br(m) for
all m.

The sequences (a,,) and (by,) are nonincreasing, with ax = by =0
(we never have k < iy < k) and a; > 0 (since i, =j+1 > 2).

Let N =max{m: amn > 0}: then 1 < N < k, and

{m: an >0} ={1,...,N}. Since b is nonincreasing,
{m": by >0} ={1,...,N'}, and a, = by (m) gives
m({1,...,N})={1,...,N'}, so N" = N.
Sow({1,...,N})={1,..., N} with N < k: 7 is reducible.
Contradiction: the i.d.o.c. holds, and T is minimal. B

Interval exchanges, Rauzy induction

Minimality: Keane's criteria
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Interval exchanges Minimality: Keane's criteria

What comes next

» Ergodic measures: a minimal interval exchange on k intervals has
at most k — 1 ergodic measures (they are linearly independent, and
f+ A, is linear and injective into Ag); in fact at most [k/2] (the
form M7 is antisymmetric), and it is uniquely ergodic for k = 3.

Pierre Arnoux Interval exchanges, Rauzy induction 14 /56



Interval exchanges Minimality: Keane's criteria

What comes next

» Ergodic measures: a minimal interval exchange on k intervals has
at most k — 1 ergodic measures (they are linearly independent, and
p > Ay, is linear and injective into Ag); in fact at most [k/2] (the
form M7 is antisymmetric), and it is uniquely ergodic for k = 3.

» There are explicit minimal interval exchanges on 4 intervals with 2
ergodic measures. But, for an irreducible 7, almost every (\, 7) is
uniquely ergodic (Masur, Veech 1982).
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Interval exchanges Minimality: Keane's criteria

What comes next

» Ergodic measures: a minimal interval exchange on k intervals has
at most k — 1 ergodic measures (they are linearly independent, and
p > Ay, is linear and injective into Ag); in fact at most [k/2] (the
form M7 is antisymmetric), and it is uniquely ergodic for k = 3.

» There are explicit minimal interval exchanges on 4 intervals with 2
ergodic measures. But, for an irreducible 7, almost every (A, 7) is
uniquely ergodic (Masur, Veech 1982).

» These questions are directly related to differential equations on
compact surfaces, as rotations are related to the torus: the number
of ergodic measures is bounded by the genus of the surface; the
antisymmetric form M™ is the intersection form.
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Interval exchanges Minimality: Keane's criteria

What comes next

» Ergodic measures: a minimal interval exchange on k intervals has
at most k — 1 ergodic measures (they are linearly independent, and
p > Ay, is linear and injective into Ag); in fact at most [k/2] (the
form M7 is antisymmetric), and it is uniquely ergodic for k = 3.

» There are explicit minimal interval exchanges on 4 intervals with 2
ergodic measures. But, for an irreducible 7, almost every (A, 7) is
uniquely ergodic (Masur, Veech 1982).

» These questions are directly related to differential equations on
compact surfaces, as rotations are related to the torus: the number
of ergodic measures is bounded by the genus of the surface; the
antisymmetric form M™ is the intersection form.

» Next: the induction (Rauzy-Veech) as a dynamical system on the
space of interval exchanges, a higher dimensional version of the
Gauss map.
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Interval exchanges Minimality: Keane's criteria

Exercises on interval exchanges (1/2)

» Exercise 5. Show that 7; = Zﬂ(j)q(;) A — Zj<,- Aj-

> Exercise 6. Show that an interval exchange on two intervals is
conjugate, by a bijection, to a rotation of the circle; find its angle in
terms of A1, \o.

» Exercise 7. Show that T~ is an interval exchange; give its
discontinuities, its lengths and its permutation. Show that T” has
at most n(k — 1) + 1 intervals of continuity.

» Exercise 8. Show that an interval exchange preserves the Lebesgue

measure, and that, if 7({1,...,n}) ={1,..., n} for some n < k, it
is not minimal.

Pierre Arnoux Interval exchanges, Rauzy induction 15 /56



Interval exchanges Minimality: Keane's criteria

Exercises on interval exchanges (2/2)

» Exercise 9. Show that a periodic point of an interval exchange lies
in an interval of points of the same period, whose left endpoint is in
the orbit of a discontinuity.

> Exercise 10 (x). Show that if the orbits of the discontinuities are
infinite and distinct, then T satisfies the Keane condition.

» Exercise 11. For the four intervals and the reversing permutation
of the example, find a vector A with T"(x;) = x; for some n > 1,

and check the relation ) (am — br(m))Am = 0.

» Exercise 12. Show that every irrational rotation is uniquely ergodic.

Pierre Arnoux Interval exchanges, Rauzy induction 16 / 56



Ergodic measures Independence of ergodic measures

Two distinct ergodic measures are carried by disjoint sets

» Setting: T a measurable map of [0, 1] (an interval exchange),
11 7 p2 two invariant ergodic probability measures.
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Ergodic measures Independence of ergodic measures

Two distinct ergodic measures are carried by disjoint sets

» Setting: T a measurable map of [0, 1] (an interval exchange),
11 7 p2 two invariant ergodic probability measures.

» Lemma: there exist disjoint measurable sets E;, E, with
ni(Ej) = 6.
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Ergodic measures Independence of ergodic measures

Two distinct ergodic measures are carried by disjoint sets

» Setting: T a measurable map of [0, 1] (an interval exchange),
11 7 p2 two invariant ergodic probability measures.

» Lemma: there exist disjoint measurable sets E;, E> with
pi(Ej) = oy

» Proof: let v = %(ul + p2), invariant, and f = % € [0,2]. Since
u1 and v are invariant, f o T = f a.e.: the sets {f > c} are
invariant.
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Ergodic measures Independence of ergodic measures

Two distinct ergodic measures are carried by disjoint sets

» Setting: T a measurable map of [0, 1] (an interval exchange),
11 7 p2 two invariant ergodic probability measures.

» Lemma: there exist disjoint measurable sets E;, E> with
pi(Ej) = 0.

» Proof: let v = %(ul + pp), invariant, and f = % € [0,2]. Since
w1 and v are invariant, f o T = f a.e.: the sets {f > ¢} are
invariant.

dp2

» By ergodicity of ju1, f is p11-a.e. a constant ay; likewise 2 — f = 72

is 1p-a.e. constant, so f = ap pp-a.e.
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Ergodic measures Independence of ergodic measures

Two distinct ergodic measures are carried by disjoint sets

» Setting: T a measurable map of [0, 1] (an interval exchange),
11 7 p2 two invariant ergodic probability measures.

» Lemma: there exist disjoint measurable sets E;, E> with
pi(Ej) = oy

» Proof: let v = %(ul + pp), invariant, and f = % € [0,2]. Since
w1 and v are invariant, f o T = f a.e.: the sets {f > ¢} are
invariant.

» By ergodicity of uy, f is ui-a.e. a constant ay; likewise 2 — f = %
is {1p-a.e. constant, so f = ay pp-a.e.

» If a; = an, then f is v-a.e. constant, so p; = uo. Hence oy # an:
take E; = {f = a,—}. ]
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Ergodic measures Independence of ergodic measures

Ergodic measures are linearly independent

» Lemma: if pg, ..., u, are distinct ergodic invariant probabilities,
there are sets E, ..., E, with u;i(Ej) = djj, so functions ¢; = 1g,
with f o; duj = 5,J
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Ergodic measures Independence of ergodic measures

Ergodic measures are linearly independent

» Lemma: if ug, ..., u, are distinct ergodic invariant probabilities,
there are sets E, ..., E, with u;i(Ej) = dj, so functions ¢; = 1g,
with f¢, d,uj = (5,J

» Proof: for i # j, take Ej; with 1;(Ej;) =1, p1j(Ej;) = 0 (previous
lemma), and E; =, Ej.
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Ergodic measures Independence of ergodic measures

Ergodic measures are linearly independent

» Lemma: if ug, ..., u, are distinct ergodic invariant probabilities,
there are sets E, ..., E, with u;i(Ej) = dj, so functions ¢; = 1g,
with f¢, d,uj = (5,J

» Proof: for i # j, take Ej; with p;(Ej) =1, pj(E;) = 0 (previous
lemma), and E; = ﬂ#i Ej;.

» Corollary 1: ug,...,u, are linearly independent in the space of
measures: if > cju; = 0, integrating ¢; gives ¢; = 0.
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Ergodic measures

Ergodic measures are linearly independent

Pierre Arnoux

Lemma: if uq, ..., u, are distinct ergodic invariant probabilities,
there are sets E, ..., E, with u;i(Ej) = dj, so functions ¢; = 1g,
with f¢, d,uj = (5,J

Proof: for i # j, take Ej with p;(Ej) =1, pj(E;) = 0 (previous
lemma), and E; = ﬂ#i Ej;.

Corollary 1: pg, ..., u, are linearly independent in the space of

measures: if ) cju; = 0, integrating ¢; gives ¢; = 0.

Corollary 2: if there is only one ergodic measure, there is only one
invariant probability (every invariant probability is a mixture of
ergodic ones: ergodic decomposition).

Interval exchanges, Rauzy induction

Independence of ergodic measures
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Ergodic measures The bound k — 1

An invariant measure of a minimal |[ET: the map h

» Let T = (A, ) be a minimal interval exchange and p an invariant
probability.
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Ergodic measures The bound k — 1

An invariant measure of a minimal |[ET: the map h

» Let T = (A, 7) be a minimal interval exchange and p an invariant
probability.

» . has no atom: an atom has an orbit of atoms of equal mass; the
orbit is infinite (minimality excludes periodic points), contradicting

u([0,1[) = 1.
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Ergodic measures The bound k — 1

An invariant measure of a minimal |[ET: the map h

» Let T = (A, 7) be a minimal interval exchange and p an invariant
probability.

» ;. has no atom: an atom has an orbit of atoms of equal mass; the
orbit is infinite (minimality excludes periodic points), contradicting

u([0,1]) = 1.
» 1 has full support: if u(U) = 0 for an open set U # (), minimality
gives [0,1[=J, T~ "U, so p([0,1[) = 0.
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Ergodic measures

An invariant measure of a minimal |[ET: the map h

Pierre Arnoux

Let T = (A, 7) be a minimal interval exchange and p an invariant
probability.

/4 has no atom: an atom has an orbit of atoms of equal mass; the
orbit is infinite (minimality excludes periodic points), contradicting
([0, 10) = 1.

u has full support: if 4(U) = 0 for an open set U # (), minimality
gives [0,1[=J, T~ "U, so u([0,1]) = 0.

Hence h(x) = u([0, x[) is continuous (no atom) and strictly
increasing (full support): a homeomorphism of [0, 1], and h.u =
Lebesgue measure.

Interval exchanges, Rauzy induction

The bound k — 1
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Ergodic measures The bound k — 1

T,=hoToh lis an interval exchange with the same

permutation

» T, is a bijection of [0, 1[, continuous on the right, and it preserves
the Lebesgue measure (because T preserves p and h.u = Leb).
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Ergodic measures The bound k — 1

T,=hoToh lis an interval exchange with the same

permutation

» T, is a bijection of [0, 1], continuous on the right, and it preserves
the Lebesgue measure (because T preserves p and h.u = Leb).

» On each h(l;), T, is an increasing bijection onto the interval
h(Jx(;y) which preserves the length: it is a translation.

Pierre Arnoux Interval exchanges, Rauzy induction 20 /56



Ergodic measures The bound k — 1

T,=hoToh lis an interval exchange with the same

permutation

» T, is a bijection of [0, 1], continuous on the right, and it preserves
the Lebesgue measure (because T preserves p and h.u = Leb).

» On each h(l;), T, is an increasing bijection onto the interval
h(Jx(;y) which preserves the length: it is a translation.

» So T, is an interval exchange. Since h is increasing, the order of
the intervals and of their images is unchanged: T, = ()., 7) with
the same permutation 7, and A, = (u(h), ..., u(l)).

Pierre Arnoux Interval exchanges, Rauzy induction 20 /56



Ergodic measures The bound k — 1

The map i — A, is linear and injective

» Linear: A\, = (u(h),. .., p(lk)) is linear in f.

Pierre Arnoux Interval exchanges, Rauzy induction 21 /56



Ergodic measures The bound k — 1

The map i — A, is linear and injective

» Linear: A\, = (u(h),...,p(l)) is linear in p.

» Injective: let 11, v be invariant with A\, = A,; then T, = T, that is
h,Th,* = h,Th;*. So g = h;*h, is a homeomorphism commuting
with T, with g(0) = 0.
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Ergodic measures The bound k — 1

The map i — A, is linear and injective

» Linear: A\, = (u(h),...,p(l)) is linear in p.

> Injective: let 41, v be invariant with A\, = A\,; then T, = T, that is
h,Th,* = h,Th;*. So g = h;*h, is a homeomorphism commuting
with T, with g(0) = 0.

» Then g(T"0) = T"(g(0)) = T"0: g is the identity on the orbit of
0, which is dense by minimality. So g =id, h, = h,, and = v.
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Ergodic measures The bound k — 1

The map i — A, is linear and injective

» Linear: A\, = (u(h),...,p(l)) is linear in p.

> Injective: let 41, v be invariant with A\, = A\,; then T, = T, that is
h,Th,* = h,Th;*. So g = h;*h, is a homeomorphism commuting
with T, with g(0) = 0.

» Then g(T"0) = T"(g(0)) = T"0: g is the identity on the orbit of
0, which is dense by minimality. So g =id, h, = h,, and = v.

» So the invariant measures of a minimal T embed linearly in R¥ as
vectors with positive coordinates summing to the mass.
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Ergodic measures The bound k — 1

At most k ergodic measures, then at most k — 1

» At most k: distinct ergodic measures are linearly independent, and
they embed linearly in R¥: there are at most k.
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Ergodic measures The bound k — 1

At most k ergodic measures, then at most k — 1

» At most k: distinct ergodic measures are linearly independent, and
they embed linearly in R¥: there are at most k.

» Lemma: for every invariant x, A, does not have all its coordinates
rational. Otherwise T, has rational translations in %Z, so all its
orbits are finite: it is not minimal, but it is conjugate to T which is.
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Ergodic measures The bound k — 1

At most k ergodic measures, then at most k — 1

» At most k: distinct ergodic measures are linearly independent, and
they embed linearly in R¥: there are at most k.

» Lemma: for every invariant p, A, does not have all its coordinates
rational. Otherwise T, has rational translations in %Z, so all its
orbits are finite: it is not minimal, but it is conjugate to T which is.

» Theorem: a minimal interval exchange on k intervals has at most
k — 1 ergodic measures.

Pierre Arnoux Interval exchanges, Rauzy induction 22 /56



Ergodic measures The bound k — 1

At most k ergodic measures, then at most k — 1

» At most k: distinct ergodic measures are linearly independent, and
they embed linearly in R¥: there are at most k.

» Lemma: for every invariant p, A, does not have all its coordinates
rational. Otherwise T, has rational translations in %Z, so all its
orbits are finite: it is not minimal, but it is conjugate to T which is.

» Theorem: a minimal interval exchange on k intervals has at most
k — 1 ergodic measures.

» Proof: suppose there are k of them, p1, ..., k. The vectors A,
(normalized) form a basis of R¥ in the hyperplane > x; = 1: their
convex hull contains a nonempty open set of this hyperplane, hence
a rational vector X = A, for some invariant x (a convex
combination of the y;). Contradiction with the Lemma. W
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Ergodic measures The bound k — 1

Application: irrational rotations are uniquely ergodic

» An irrational rotation is a minimal interval exchange on k = 2
intervals: it has at most k — 1 = 1 ergodic measure.
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Ergodic measures The bound k — 1

Application: irrational rotations are uniquely ergodic

» An irrational rotation is a minimal interval exchange on k = 2
intervals: it has at most k — 1 = 1 ergodic measure.

» Lebesgue measure is invariant: it is the only invariant
probability measure (Corollary 2).

Pierre Arnoux Interval exchanges, Rauzy induction 23 /56



Ergodic measures The bound k — 1

Application: irrational rotations are uniquely ergodic

» An irrational rotation is a minimal interval exchange on k = 2
intervals: it has at most k — 1 = 1 ergodic measure.

» Lebesgue measure is invariant: it is the only invariant
probability measure (Corollary 2).

» Weyl equidistribution follows: for every x and every continuous
f, %Zj<n f(RIx)— [f.
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Ergodic measures The bound k — 1

Application: irrational rotations are uniquely ergodic

» An irrational rotation is a minimal interval exchange on k = 2
intervals: it has at most k — 1 = 1 ergodic measure.

» Lebesgue measure is invariant: it is the only invariant
probability measure (Corollary 2).

» Weyl equidistribution follows: for every x and every continuous
) ,
f, ;ZKH f(RIx) — [f.
» The next question: what happens for kK > 37
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Ergodic measures A better bound

The antisymmetric matrix M™ and the bound [k/2]

» Veech's matrix M7 =1if i <j, w(i) > n(j); =1if i > j, w(i) < 7w(j); 0
otherwise. It is antisymmetric and 7 = M™X. We assume
w(n+1) # m(n) + 1.
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Ergodic measures A better bound

The antisymmetric matrix M™ and the bound [k/2]

» Veech's matrix M7 =1if i <j, n(i) > n(j); =1if i > j, w(i) < 7w(j); 0
otherwise. It is antisymmetric and 7 = M™X. We assume
w(n+1) # m(n) + 1.

» Let V be the vector space spanned by the vectors A\, (u invariant),
N =ker M™. Then VNN = {0}: if M™p = 0 the two measures give
conjugate IETs with the same translation vectors, so ;1 = 0.
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Ergodic measures A better bound

The antisymmetric matrix M™ and the bound [k/2]

» Veech's matrix M7 =1if i <j, n(i) > n(j); =1if i > j, w(i) < 7w(j); 0
otherwise. It is antisymmetric and 7 = M™X. We assume
w(n+1) # m(n) + 1.

> Let V be the vector space spanned by the vectors A\, (u invariant),
N =ker M™. Then VNN = {0}: if M™p = 0 the two measures give
conjugate IETs with the same translation vectors, so 1 = 0.

» The Birkhoff sums of 7(x) = 77 on /; are bounded (S,7(x) = T"x — x),
so [Tdu' = (XN,7) =0. Applied to T, whose translation vector is
M™X": (X', M™X") =0on V. V is isotropic for the antisymmetric form.
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Ergodic measures A better bound

The antisymmetric matrix M™ and the bound [k/2]

» Veech's matrix M7 =1if i <j, n(i) > n(j); =1if i > j, w(i) < 7w(j); 0
otherwise. It is antisymmetric and 7 = M™X. We assume
w(n+1) # m(n) + 1.

> Let V be the vector space spanned by the vectors A\, (u invariant),

N =ker M™. Then VNN = {0}: if M™p = 0 the two measures give
conjugate IETs with the same translation vectors, so 1 = 0.

» The Birkhoff sums of 7(x) = 77 on [; are bounded (S,7(x) = T"x — x),
so [7du' = (N,7) =0. Applied to T, whose translation vector is
M™X": (N, M™X") =0 on V. V is isotropic for the antisymmetric form.

> The linear forms x + (x, M™ ) live on R*/(V @ N), and p + ¢, is
injective: 2dimV < k —dim .
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Ergodic measures

The antisymmetric matrix M™ and the bound [k/2]

Pierre Arnoux

Veech's matrix M =1if i <j, n(i) > w(j); =1if i > j, =n(i) <=(j); 0
otherwise. It is antisymmetric and 7 = M™X. We assume
w(n+1) # m(n) + 1.

Let V be the vector space spanned by the vectors A\, (u invariant),

N =ker M™. Then VNN = {0}: if M™p = 0 the two measures give
conjugate IETs with the same translation vectors, so 1 = 0.

The Birkhoff sums of 7(x) = 7; on [; are bounded (S,7(x) = T"x — x),
so [7du' = (N,7) =0. Applied to T, whose translation vector is
M™X": (N, M™X") =0 on V. V is isotropic for the antisymmetric form.
The linear forms x + (x, M™ 1) live on R*/(V @ N), and p + ¢, is
injective: 2dimV < k —dim N.

Theorem: a minimal IET on k intervals has at most dim V' < [k/2]
ergodic measures.

Interval exchanges, Rauzy induction

A better bound

24 /56



Ergodic measures A better bound

Consequences, and the geometric meaning

» A minimal IET on 3 intervals is uniquely ergodic ([3/2] = 1).
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Ergodic measures A better bound

Consequences, and the geometric meaning

» A minimal IET on 3 intervals is uniquely ergodic ([3/2] = 1).

» There are explicit minimal IETs on 4 intervals with 2 ergodic
measures (Keane, 1977): the bound [k/2] = 2 is attained for k = 4.
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Ergodic measures A better bound

Consequences, and the geometric meaning

» A minimal IET on 3 intervals is uniquely ergodic ([3/2] = 1).

» There are explicit minimal IETs on 4 intervals with 2 ergodic
measures (Keane, 1977): the bound [k/2] = 2 is attained for k = 4.

» The form M™ is a symplectic form: the intersection form of the
translation surface (rank 2g, g the genus). The space of invariant
measures lies in a Lagrangian subspace, of dimension at most g.
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Ergodic measures A better bound

Consequences, and the geometric meaning

» A minimal IET on 3 intervals is uniquely ergodic ([3/2] = 1).

» There are explicit minimal IETs on 4 intervals with 2 ergodic
measures (Keane, 1977): the bound [k/2] = 2 is attained for k = 4.

» The form M™ is a symplectic form: the intersection form of the
translation surface (rank 2g, g the genus). The space of invariant
measures lies in a Lagrangian subspace, of dimension at most g.

» But almost every (A, 7) is uniquely ergodic (Masur, Veech 1982):
this is the main result of the next two sections.
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Rauzy induction Rauzy induction

Induction again: Euclid’s algorithm

» For k=2, T =(\,(21)) is the rotation of Lecture 3. Induce
on [0,1 — [ with § = min(A1, \2): we get again an exchange
of two intervals, of lengths (A1 — A2, A2) or (A1, A2 — A1).
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Induction again: Euclid’s algorithm

» For k =2, T =(\,(21)) is the rotation of Lecture 3. Induce
on [0,1 — &[ with 6 = min(A1, A2): we get again an exchange
of two intervals, of lengths (A1 — A2, A2) or (A1, A2 — A1).

» This is the subtractive Euclid algorithm, the additive
continued fraction (Farey map): subtract the smaller length
from the larger.
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Rauzy induction Rauzy induction

Induction again: Euclid’s algorithm

» For k =2, T =(\,(21)) is the rotation of Lecture 3. Induce
on [0,1 — &[ with 6 = min(A1, A2): we get again an exchange
of two intervals, of lengths (A1 — A2, A2) or (A1, A2 — A1).

» This is the subtractive Euclid algorithm, the additive
continued fraction (Farey map): subtract the smaller length
from the larger.

» Rauzy’s idea (1979): induce a k-interval exchange on
[0,1 — §[, with & the smaller of the lengths of the last interval
of the domain and of the image: we get again exactly k
intervals.
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Rauzy induction

Induction again: Euclid’s algorithm

Pierre Arnoux

For k =2, T = (), (21)) is the rotation of Lecture 3. Induce
on [0,1 — &[ with 6 = min(A1, A2): we get again an exchange
of two intervals, of lengths (A1 — A2, A2) or (A1, A2 — A1).
This is the subtractive Euclid algorithm, the additive
continued fraction (Farey map): subtract the smaller length
from the larger.

Rauzy’'s idea (1979): induce a k-interval exchange on

[0,1 — O], with & the smaller of the lengths of the last interval
of the domain and of the image: we get again exactly k
intervals.

Iterating gives a “multidimensional continued fraction”, a
dynamical system on the space of interval exchanges.

Interval exchanges, Rauzy induction

Rauzy induction

26 / 56



Rauzy induction Rauzy induction

Two-row notation

» Label the intervals by letters. The top row lists the intervals in the
order of the domain /; < --- < I, the bottom row lists the same
letters in the order of their images J; < -+ < Jx. The permutation
is m=mpomy L.
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Two-row notation

» Label the intervals by letters. The top row lists the intervals in the
order of the domain /; < --- < I, the bottom row lists the same
letters in the order of their images J; < --- < Jx. The permutation
is m=mpomy L.

» Example, the reversing permutation on 3 letters:

(é‘ g g) T =(321).
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Rauzy induction Rauzy induction

Two-row notation

» Label the intervals by letters. The top row lists the intervals in the
order of the domain /; < --- < I, the bottom row lists the same
letters in the order of their images J; < --- < Jx. The permutation
is m=mpomy L.

» Example, the reversing permutation on 3 letters:
A B C
(C B A) , 7= (321).

» Letter A is the first of the top row and the last of the bottom row:
the first interval is sent to the right end. C is last on top, first at
the bottom.
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Rauzy induction

Rauzy induction

Two-row notation

Pierre Arnoux

Label the intervals by letters. The top row lists the intervals in the
order of the domain /; < --- < I, the bottom row lists the same
letters in the order of their images J; < --- < Jx. The permutation
is m=mpomy L.

Example, the reversing permutation on 3 letters:

(é‘ g Z) T =(321).

Letter A is the first of the top row and the last of the bottom row:
the first interval is sent to the right end. C is last on top, first at
the bottom.

Let «; be the last letter of the top row and o, the last letter of
the bottom row. As 7 is irreducible, a; # ap.

Interval exchanges, Rauzy induction
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Rauzy induction Rauzy induction

Rauzy induction: the rule

» Compare \,, and )\, (equality is excluded by Keane’s condition: it
would be a connection between orbits of discontinuities). Induce T
on [0,1—6[, 6 = min(Aa,, Aa,)-
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Rauzy induction Rauzy induction

Rauzy induction: the rule

» Compare )\, and )\, (equality is excluded by Keane’s condition: it
would be a connection between orbits of discontinuities). Induce T
on [0,1—6[, 6 = min(Aq,, Aa,)-

» Top wins (Ao, > Aoy ): AL, = Aa, — Ay, Other lengths unchanged;
the top row is unchanged; in the bottom row, «; is moved from the

last place to just after a;.
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Rauzy induction: the rule

» Compare )\, and )\, (equality is excluded by Keane’s condition: it
would be a connection between orbits of discontinuities). Induce T
on [0,1—6[, 6 = min(Aq,, Aa,)-

> Top wins (Ao, > Ao, ): A, = Aa, — Aa,, Other lengths unchanged;
the top row is unchanged; in the bottom row, a; is moved from the
last place to just after a;.

> Bottom wins (Ao, > Ao, ): A}, = Aa, — Aa,; the bottom row is
unchanged; in the top row, a; is moved to just after «y.
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Rauzy induction Rauzy induction

Rauzy induction: the rule

» Compare )\, and )\, (equality is excluded by Keane’s condition: it
would be a connection between orbits of discontinuities). Induce T
on [0,1—6[, 6 = min(Aq,, Aa,)-

> Top wins (Ao, > Ao, ): A, = Aa, — Aa,, Other lengths unchanged;
the top row is unchanged; in the bottom row, a; is moved from the
last place to just after a;.

> Bottom wins (Ao, > Aa,): Ay, = Aa, — Aa,; the bottom row is
unchanged; in the top row, a; is moved to just after «.

A B C)\ . A B C)\ .
» Example: from (C B A),lf)\c>)\Aweget (C A B);n‘

A C B
)\A>)\Cweget<c B A)'
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Rauzy induction Rauzy induction

Rauzy induction is a first return map

» Proposition: the new interval exchange (), rows’), of total length
1 — 4, is the first return map of T to I’ =[0,1 — .
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Rauzy induction Rauzy induction

Rauzy induction is a first return map

» Proposition: the new interval exchange (X, rows’), of total length
1 — 4, is the first return map of T to I’ =[0,1 — 4.

» Proof, top wins (a = a;, b= ap, Ay > A\p).
T(lp) = Jk = [1 — Ap, 1 is the part outside I". If x € I"\ Ip,
Tx € l': return time 1. If x € I, C I’, then Tx € Ji C I, (because
Aa > Ap) and T2x € T(I,) C I': return time 2.
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Rauzy induction Rauzy induction

Rauzy induction is a first return map

» Proposition: the new interval exchange (X, rows’), of total length
1 — 4, is the first return map of T to I’ =[0,1 — 4.

> Proof, top wins (a = a;, b = ap, Ay > Ap).
T(lp) = Jx =[1 — Ap, 1] is the part outside I". If x € I'\ I,
Tx € l': return time 1. If x € I, C I’, then Tx € Ji C I, (because
Aa > Ap) and T?x € T(/l,) C I’ return time 2.

» So [; =[1— ;1 — Ap[ has length X\; — \p, and T(/s) = Jr(a) splits
into T(1}) followed by T?(/5): in the new bottom row b comes right
after a.

Pierre Arnoux Interval exchanges, Rauzy induction 29 /56



Rauzy induction

Rauzy i

Rauzy induction

nduction is a first return map

Pierre Arnoux

Proposition: the new interval exchange (X, rows’), of total length
1 — 4, is the first return map of T to I’ =[0,1 — 4.

Proof, top wins (a = a;, b = ap, Ay > \p).

T(lp) = Jx =[1 — Ap, 1] is the part outside I". If x € I'\ I,

Tx € l': return time 1. If x € I, C I’, then Tx € Ji C I, (because
Aa > Ap) and T?x € T(/l,) C I’ return time 2.

So I, =[1 —Xs,1— Xp[ has length \; — Ay, and T(l;) = Jr(,) splits
into T(1}) followed by T?(/5): in the new bottom row b comes right
after a.

Bottom wins: same argument for T~ (exchange the roles of the
two rows). H

Interval exchanges, Rauzy induction 29 /56



Rauzy induction Rauzy induction

The Rauzy diagram

» Rauzy class of 7: the
permutations reached from 7
by top and bottom moves. The
Rauzy diagram has these
vertices and two arrows (t and
b) out of each.
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Rauzy induction Rauzy induction

The Rauzy diagram

» Rauzy class of 7: the
permutations reached from 7
by top and bottom moves. The
Rauzy diagram has these
vertices and two arrows (t and
b) out of each.

» Class of the reversing
permutation: 1, 3, 7 vertices
for k =2,3,4.
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Rauzy induction Rauzy induction

The Rauzy diagram

» Rauzy class of 7: the
permutations reached from 7
by top and bottom moves. The
Rauzy diagram has these
vertices and two arrows (t and
b) out of each.

» Class of the reversing
permutation: 1, 3, 7 vertices
for k =2,3,4.

» For k = 2: one vertex with two
loops: Euclid. For k = 3: the

diagram on the left, vertices
written 7(1)m(2)m(3).
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Rauzy induction Rauzy induction

The Rauzy diagram

» Rauzy class of 7: the
permutations reached from 7
by top and bottom moves. The
Rauzy diagram has these
vertices and two arrows (t and
b) out of each.

» Class of the reversing
permutation: 1, 3, 7 vertices
for k =2,3,4.

» For k = 2: one vertex with two
loops: Euclid. For k = 3: the
diagram on the left, vertices
written 7(1)m(2)w(3).

» A path in the diagram records
which letter wins at each step:
these are the “digits”.

Pierre Arnoux Interval exchanges, Rauzy induction 30/56



Rauzy induction A generalized continued fraction

The matrices of the induction

» Use positions in the top row, and b = m~1(k) (the interval whose
image is last). One step gives A = B\, with B a nonnegative
integer matrix of determinant 1 depending only on the step in the
diagram:
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Rauzy induction A generalized continued fraction

The matrices of the induction

> Use positions in the top row, and b = 7~1(k) (the interval whose
image is last). One step gives A\ = B)X/, with B a nonnegative
integer matrix of determinant 1 depending only on the step in the
diagram:

» Top wins: \¢ = A, + A}, other coordinates unchanged:
B =1+ Egp.

Pierre Arnoux Interval exchanges, Rauzy induction 31/56



Rauzy induction A generalized continued fraction

The matrices of the induction

> Use positions in the top row, and b = 7~1(k) (the interval whose
image is last). One step gives A\ = B)X/, with B a nonnegative
integer matrix of determinant 1 depending only on the step in the
diagram:

> Top wins: A\, = X\, + X}, other coordinates unchanged:
B =1+ Egp.

> Bottom wins: \; = X (j < b), Ap = A+ Ay A=Ay
(b<j<k), A= Ny1-
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Rauzy induction A generalized continued fraction

The matrices of the induction

> Use positions in the top row, and b = 7~1(k) (the interval whose
image is last). One step gives A\ = B)X/, with B a nonnegative
integer matrix of determinant 1 depending only on the step in the
diagram:

> Top wins: A\, = X\, + X}, other coordinates unchanged:
B =1+ Egp.

> Bottom wins: \; = X (j < b), Ao = Ap + Ay, A = Aoy
(b<j<k), Ae=Np5

» For k =2: G ?) and ((1) i) the Euclid matrices of Lecture 3.

Pierre Arnoux Interval exchanges, Rauzy induction 31/56



Rauzy induction A generalized continued fraction

The Rauzy-Veech map

B\
BTN’
the Rauzy class: the analogue of the Farey map (k = 2).

» Normalize: R(\,7) = ( 77’) on Ak X R, where R is
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Rauzy induction A generalized continued fraction

The Rauzy-Veech map

: B\
» Normalize: R(\,m) = (m,
the Rauzy class: the analogue of the Farey map (k = 2).
> After n steps, A = B with B(M = BB, --- B,: products
of matrices play the role of the convergents.

7r’> on Ay X R, where R is
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Rauzy induction A generalized continued fraction

The Rauzy-Veech map

: B\
» Normalize: R(\,m) = (m,
the Rauzy class: the analogue of the Farey map (k = 2).
> After n steps, A = BMAM with B(M = BB, --- B,: products
of matrices play the role of the convergents.

7r’> on Ay X R, where R is

» The sequence of types (top/bottom) is the expansion of A: it
is defined as long as no tie occurs, that is for all nif T
satisfies Keane's i.d.o.c. condition: for almost every A.
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Rauzy induction

A generalized continued fraction

The Rauzy-Veech map

Pierre Arnoux

B\
|BIAI”
the Rauzy class: the analogue of the Farey map (k = 2).
After n steps, A = BMX( with B(" = BB, - - B,: products
of matrices play the role of the convergents.

Normalize: R(\,7) = ( 7r’> on Ak X R, where R is

The sequence of types (top/bottom) is the expansion of \: it
is defined as long as no tie occurs, that is for all n if T
satisfies Keane's i.d.o.c. condition: for almost every A.

The “digits” are paths in a finite diagram, instead of integers.

Interval exchanges, Rauzy induction
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Rauzy induction A generalized continued fraction

Cylinders and cones

» For a path v of length n starting at 7, the set of (), mg)
whose expansion begins with ~ is

[V ={NeAr: B;'A>0}=B,(RY)nA:

indeed the lengths stay positive exactly as long as the winners
are as prescribed.

Pierre Arnoux Interval exchanges, Rauzy induction 33 /56



Rauzy induction A generalized continued fraction

Cylinders and cones

» For a path v of length n starting at 7, the set of (A, mp)
whose expansion begins with + is

[W={AeAr: B;'A>0}=B,(RY)nA:

indeed the lengths stay positive exactly as long as the winners
are as prescribed.

> A nonempty open set: it has positive Lebesgue measure.
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Rauzy induction A generalized continued fraction

Cylinders and cones

» For a path v of length n starting at 7, the set of (A, mp)
whose expansion begins with + is

[W={AeAr: B;'A>0}=B,(RY)nA:

indeed the lengths stay positive exactly as long as the winners
are as prescribed.

> A nonempty open set: it has positive Lebesgue measure.

> The images B(")(RX) are nested cones:
B(”+1)Ri = B(”)BnHRi C B(”)]Ri because B,11 is
nonnegative.

Pierre Arnoux Interval exchanges, Rauzy induction 33 /56



Rauzy induction A generalized continued fraction

Acceleration and the Gauss measure

» As for the Farey map and the Gauss map, one can accelerate
(Zorich): group the consecutive steps where the same letter wins,
like the digits a, of Lecture 3; the accelerated map has a finite
invariant measure.

Pierre Arnoux Interval exchanges, Rauzy induction 34 /56



Rauzy induction A generalized continued fraction

Acceleration and the Gauss measure

» As for the Farey map and the Gauss map, one can accelerate
(Zorich): group the consecutive steps where the same letter wins,
like the digits a,, of Lecture 3; the accelerated map has a finite
invariant measure.

» Theorem (Veech, 1982), admitted: the Rauzy-Veech map R on
Ak X R has an invariant o-finite measure, equivalent to Lebesgue
measure (with an explicit density: the “Gauss measure”), which is
infinite, conservative and ergodic.
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Rauzy induction A generalized continued fraction

Acceleration and the Gauss measure

» As for the Farey map and the Gauss map, one can accelerate
(Zorich): group the consecutive steps where the same letter wins,
like the digits a,, of Lecture 3; the accelerated map has a finite
invariant measure.

» Theorem (Veech, 1982), admitted: the Rauzy—Veech map R on
Ak X R has an invariant o-finite measure, equivalent to Lebesgue
measure (with an explicit density: the “Gauss measure”), which is
infinite, conservative and ergodic.

» The analogy: for the Farey map the invariant measure is dx/x,

infinite, conservative and ergodic; for the Gauss map (H‘iﬁ, finite.
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Rauzy induction A generalized continued fraction

Acceleration and the Gauss measure

» As for the Farey map and the Gauss map, one can accelerate
(Zorich): group the consecutive steps where the same letter wins,
like the digits a,, of Lecture 3; the accelerated map has a finite
invariant measure.

» Theorem (Veech, 1982), admitted: the Rauzy—Veech map R on
Ak X R has an invariant o-finite measure, equivalent to Lebesgue
measure (with an explicit density: the “Gauss measure”), which is
infinite, conservative and ergodic.

» The analogy: for the Farey map the invariant measure is dx/x,
infinite, conservative and ergodic; for the Gauss map W' finite.

» Conservative and ergodic give: almost every point visits infinitely
often every set of positive measure. This is the only property of the
measure we shall use.

Pierre Arnoux Interval exchanges, Rauzy induction 34 /56



The Veech—Masur theorem Invariant measures and nested cones

Invariant measures follow the Rauzy path of T

» Let T = (A, 7m) be minimal and satisfy the i.d.o.c.: its Rauzy
expansion is infinite, with matrices By, B>, ... and induced maps
T() with lengths A(" >0, A = B(MA(M).
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The Veech—Masur theorem Invariant measures and nested cones

Invariant measures follow the Rauzy path of T

» Let T = (), m) be minimal and satisfy the i.d.o.c.: its Rauzy
expansion is infinite, with matrices By, B>, ... and induced maps
T(™ with lengths A\(") >0, A = B(M ("),

» Lemma: let 4 be an invariant probability. Then T,, = (), 7) has
the same Rauzy path as T.
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The Veech—Masur theorem Invariant measures and nested cones

Invariant measures follow the Rauzy path of T

» Let T = (), m) be minimal and satisfy the i.d.o.c.: its Rauzy
expansion is infinite, with matrices By, B>, ... and induced maps
T(™ with lengths A\(") >0, A = B(M ("),

» Lemma: let y be an invariant probability. Then T, = (A,, ) has
the same Rauzy path as T.

> Proof: T, = hTh™! with h increasing. Which of \,,, A, is larger
is decided by an order comparison between two points of [0, 1]
(xk—1 and the left end of Ji): h preserves it. The induced maps are
conjugate by h, and we iterate.
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The Veech—Masur theorem

Invariant measures follow the Rauzy path of T

Pierre Arnoux

Let T = (A, 7) be minimal and satisfy the i.d.o.c.: its Rauzy
expansion is infinite, with matrices By, B>, ... and induced maps
T(™ with lengths A\(") >0, A = B(M ("),

Lemma: let 1 be an invariant probability. Then T,, = (X, 7) has
the same Rauzy path as T.

Proof: T, = hTh™! with h increasing. Which of \,,, Ao, is larger
is decided by an order comparison between two points of [0, 1]
(xk—1 and the left end of Ji): h preserves it. The induced maps are
conjugate by h, and we iterate.

Hence A, = B with Al > 0: A, € C, := BMRX for all n.

Interval exchanges, Rauzy induction

Invariant measures and nested cones
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The Veech—Masur theorem Invariant measures and nested cones

The invariant measures lie in a nested intersection of cones

> The cones C, = B™RX are nested:
C1 D G D - (picture: their
sections by the simplex As, for a

3-interval exchange; the red point
is \).
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The Veech—Masur theorem Invariant measures and nested cones

The invariant measures lie in a nested intersection of cones

> The cones C, = B™RX are nested:
C1 D G D - (picture: their
sections by the simplex As, for a
3-interval exchange; the red point
is \).

» Every invariant probability gives a
point A, € ), Cn, and distinct
measures give distinct points
(injectivity of 1 — A.).
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The Veech—Masur theorem Invariant measures and nested cones

The invariant measures lie in a nested intersection of cones

> The cones C, = B™RX are nested:
C1 D G D - (picture: their
sections by the simplex As, for a
3-interval exchange; the red point
is \).

» Every invariant probability gives a
point A, € 1, Cn, and distinct
measures give distinct points
(injectivity of p— ).

> If N, C, is a single ray, T is
uniquely ergodic: there is at most
one invariant probability, and
Lebesgue measure is one.
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The Veech—Masur theorem Invariant measures and nested cones

The invariant measures lie in a nested intersection of cones

> The cones C, = B™RX are nested:
C1 D G D - (picture: their
sections by the simplex As, for a
3-interval exchange; the red point
is \).

» Every invariant probability gives a
point A, € 1, Cn, and distinct
measures give distinct points
(injectivity of p— ).

> If N, C, is a single ray, T is
uniquely ergodic: there is at most
one invariant probability, and
Lebesgue measure is one.

» So we must show that the cones
shrink to a ray, for almost every A:
Perron—Frobenius.

Pierre Arnoux Interval exchanges, Rauzy induction 36 /56



The Veech—Masur theorem Perron—Frobenius

Hilbert metric and positive matrices

» On the open orthant R’;O, Hilbert's projective metric:
X,'yj

du(x,y) = log max; j (a distance between rays).

G Yi
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The Veech—Masur theorem Perron—Frobenius

Hilbert metric and positive matrices

» On the open orthant R’;O, Hilbert's projective metric:

X;
du(x,y) = log max; XY (a distance between rays).
XV

G Yi

> A nonnegative matrix without zero row maps the open orthant into
itself and does not expand dy.

Pierre Arnoux Interval exchanges, Rauzy induction 37 /56



The Veech—Masur theorem Perron—Frobenius

Hilbert metric and positive matrices

» On the open orthant R’;O, Hilbert's projective metric:

du(x, y) = log max; j -2

(a distance between rays).

G Yi

» A nonnegative matrix without zero row maps the open orthant into
itself and does not expand dy.

» Birkhoff’s contraction (admitted): if A is a positive matrix, with
A(A) = diamg, A(RX) < oo, then
dr(Ax, Ay) < tanh(A(A)/4) du(x,y): a strict contraction. This is
the quantitative form of the Perron—-Frobenius theorem.
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The Veech—Masur theorem Perron—Frobenius

Hilbert metric and positive matrices

» On the open orthant R’;O, Hilbert's projective metric:
X,'yj

du(x,y) = log max; (a distance between rays).

GYi

» A nonnegative matrix without zero row maps the open orthant into
itself and does not expand dy.

> Birkhoff’s contraction (admitted): if A is a positive matrix, with
A(A) = diamg, A(RX) < oo, then
dr(Ax, Ay) < tanh(A(A)/4) du(x,y): a strict contraction. This is
the quantitative form of the Perron-Frobenius theorem.

> Permuting the coordinates does not change A(A).

Pierre Arnoux Interval exchanges, Rauzy induction 37 /56



The Veech—Masur theorem Perron—Frobenius

Infinitely many positive blocks: the cones shrink to a ray

» Suppose the product B;B,;Bs - - - contains, infinitely often, disjoint
blocks equal to a fixed positive matrix P:
B =QyPQ PQP--- with Qj nonnegative invertible.
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The Veech—Masur theorem Perron—Frobenius

Infinitely many positive blocks: the cones shrink to a ray

» Suppose the product B;B>Bj - - - contains, infinitely often, disjoint
blocks equal to a fixed positive matrix P:
B =QyPQ PQP--- with Qj nonnegative invertible.

» Each factor Q;P is positive, with A(Q;P) < A(P) (Q; does not
expand): contraction coefficient < ¢ = tanh(A(P)/4) < 1, the
same for all j.
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The Veech—Masur theorem Perron—Frobenius

Infinitely many positive blocks: the cones shrink to a ray

» Suppose the product B;B>Bj - - - contains, infinitely often, disjoint
blocks equal to a fixed positive matrix P:
B =QyPQ PQP--- with Qj nonnegative invertible.

» Each factor Q;P is positive, with A(Q;P) < A(P) (Q; does not
expand): contraction coefficient < ¢ = tanh(A(P)/4) < 1, the
same for all j.

» So the Hilbert diameter of C, is at most c/~*A(P) after j blocks:
it tends to 0.
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The Veech—Masur theorem Perron—Frobenius

Infinitely many positive blocks: the cones shrink to a ray

» Suppose the product B;B>Bj - - - contains, infinitely often, disjoint
blocks equal to a fixed positive matrix P:
B =QyPQ PQP--- with Qj nonnegative invertible.

» Each factor Q;P is positive, with A(Q;P) < A(P) (Q; does not
expand): contraction coefficient < ¢ = tanh(A(P)/4) < 1, the
same for all j.

» So the Hilbert diameter of C, is at most ¢/~ A(P) after j blocks:
it tends to 0.

» Nested compact cones whose Hilbert diameter tends to 0: () C, is a
single ray.

Pierre Arnoux Interval exchanges, Rauzy induction 38 /56



The Veech—Masur theorem The Veech—Masur theorem

A positive loop in the Rauzy diagram

» Lemma (Veech): in every Rauzy class there is a loop v whose
matrix B., is positive (all entries > 0): a primitive matrix.
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The Veech—Masur theorem The Veech—Masur theorem

A positive loop in the Rauzy diagram

» Lemma (Veech): in every Rauzy class there is a loop v whose
matrix B, is positive (all entries > 0): a primitive matrix.

» Example, k = 3, from 7 = (321) (path of the diagram):

(321) 5 (231) & (231) 5 (321) 2 (312) 5 (312) & (321)

detB, = 1.

oy ]

5

Il
NN =
N = =

1
4
3
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The Veech—Masur theorem The Veech—Masur theorem

A positive loop in the Rauzy diagram

» Lemma (Veech): in every Rauzy class there is a loop v whose
matrix B, is positive (all entries > 0): a primitive matrix.

» Example, k = 3, from m = (321) (path of the diagram):

(321) 5 (231) & (231) 5 (321) 2 (312) 5 (312) & (321)

B, = det B, = 1.

)

NN =
N = =

1
4
3

» For k = 4 the shortest positive loop at the reversing permutation
has length 11 (found by a computer search). The general existence
is admitted.

Pierre Arnoux Interval exchanges, Rauzy induction 39 /56



The Veech—Masur theorem The Veech—Masur theorem

Almost every expansion contains the loop infinitely often

» The cylinder [y] C Ax x {mo} of the loop is a nonempty open set:
it has positive measure, for Lebesgue and for the equivalent Gauss
measure.
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The Veech—Masur theorem The Veech—Masur theorem

Almost every expansion contains the loop infinitely often

» The cylinder [y] C Ak x {mg} of the loop is a nonempty open set:
it has positive measure, for Lebesgue and for the equivalent Gauss
measure.

» R is conservative and ergodic for the Gauss measure: almost every
(A, ) visits [y] infinitely often.
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The Veech—Masur theorem The Veech—Masur theorem

Almost every expansion contains the loop infinitely often

» The cylinder [y] C Ak x {mg} of the loop is a nonempty open set:
it has positive measure, for Lebesgue and for the equivalent Gauss
measure.

» R is conservative and ergodic for the Gauss measure: almost every
(A, ) visits [y] infinitely often.

» Each visit at time n; means that the matrices B, 1 - - B"jﬂv\ are
those of the loop: choosing visits separated by more than || steps,
we get infinitely many disjoint blocks equal to B,.
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The Veech—Masur theorem The Veech—Masur theorem

Almost every expansion contains the loop infinitely often

» The cylinder [y] C Ak x {mg} of the loop is a nonempty open set:
it has positive measure, for Lebesgue and for the equivalent Gauss
measure.

» R is conservative and ergodic for the Gauss measure: almost every
(A, ) visits [y] infinitely often.

» Each visit at time n; means that the matrices By, ;1 - - - BnﬁM are
those of the loop: choosing visits separated by more than |v| steps,
we get infinitely many disjoint blocks equal to B,.

» (Ergodicity, not only conservativity, is needed: otherwise some paths
could never enter [7].)

Pierre Arnoux Interval exchanges, Rauzy induction 40 / 56



The Veech—Masur theorem The Veech—Masur theorem

The Veech—Masur theorem

» Theorem (Masur, Veech 1982): for every irreducible permutation

7, almost every A € Ay gives a uniquely ergodic interval exchange
(A, 7).
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The Veech—Masur theorem The Veech—Masur theorem

The Veech—Masur theorem

» Theorem (Masur, Veech 1982): for every irreducible permutation

m, almost every A € Ay gives a uniquely ergodic interval exchange
(A, 7).

» Proof: for almost every A, (i) no tie occurs, so the i.d.o.c. holds, T
is minimal and the expansion is infinite; (ii) the expansion contains
the positive loop infinitely often (previous slide).
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The Veech—Masur theorem The Veech—Masur theorem

The Veech—Masur theorem

» Theorem (Masur, Veech 1982): for every irreducible permutation

m, almost every A € Ay gives a uniquely ergodic interval exchange
(A, 7).

» Proof: for almost every A, (i) no tie occurs, so the i.d.o.c. holds, T
is minimal and the expansion is infinite; (ii) the expansion contains
the positive loop infinitely often (previous slide).

» By Perron-Frobenius, (), C, is a ray. The invariant measures lie in
this ray, and 11 — A, is injective: there is at most one invariant
probability, and Lebesgue measure is one. B

Pierre Arnoux Interval exchanges, Rauzy induction 41 /56



The Veech—Masur theorem The Veech—Masur theorem

Remarks

» The theorem is the analogue, for k > 3, of the unique ergodicity of
irrational rotations (all irrational rotations are uniquely ergodic: the
cones are the intervals of Euclid’s algorithm).
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The Veech—Masur theorem The Veech—Masur theorem

Remarks

» The theorem is the analogue, for k > 3, of the unique ergodicity of
irrational rotations (all irrational rotations are uniquely ergodic: the
cones are the intervals of Euclid’s algorithm).

» It is sharp: there are minimal, not uniquely ergodic, interval
exchanges (Keane 1977, for 4 intervals). The cones then shrink to a
cone of dimension > 2, so no positive block occurs infinitely often in
the expansion.
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The Veech—Masur theorem The Veech—Masur theorem

Remarks

» The theorem is the analogue, for k > 3, of the unique ergodicity of
irrational rotations (all irrational rotations are uniquely ergodic: the
cones are the intervals of Euclid’s algorithm).

» It is sharp: there are minimal, not uniquely ergodic, interval
exchanges (Keane 1977, for 4 intervals). The cones then shrink to a
cone of dimension > 2, so no positive block occurs infinitely often in
the expansion.

» Masur's proof is different: it uses the Teichmiiller flow (the
geodesic flow of the moduli space of translation surfaces, the
analogue of the geodesic flow on the modular surface) and a
recurrence criterion (Masur's criterion). The two proofs were
published together in 1982.
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The Veech—Masur theorem The Veech—Masur theorem

Remarks

» The theorem is the analogue, for k > 3, of the unique ergodicity of
irrational rotations (all irrational rotations are uniquely ergodic: the
cones are the intervals of Euclid’s algorithm).

» It is sharp: there are minimal, not uniquely ergodic, interval
exchanges (Keane 1977, for 4 intervals). The cones then shrink to a
cone of dimension > 2, so no positive block occurs infinitely often in
the expansion.

» Masur's proof is different: it uses the Teichmiiller flow (the
geodesic flow of the moduli space of translation surfaces, the
analogue of the geodesic flow on the modular surface) and a
recurrence criterion (Masur's criterion). The two proofs were
published together in 1982.

» The loop 7 replaces the positive blocks M; M} M of Arnoux—Rauzy
in the next section.
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Complexity and special factors

» u a minimal sequence, p(n) the number of factors of length n. For a
factor U, let 97U > 1 be the number of letters a with Ua a factor,
and 0~ U the number of letters 5 with SU a factor. Then

p(n+1)—p(n) = Z (07U -1).

UeLn(u)

Pierre Arnoux Interval exchanges, Rauzy induction 43 /56



Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Complexity and special factors

» u a minimal sequence, p(n) the number of factors of length n. For a
factor U, let 97U > 1 be the number of letters a with U« a factor,
and 0~ U the number of letters 5 with SU a factor. Then

p(n+1)—p(n) = Z (0tU -1).

U€eLp(u)

» U is right special if 9T U > 2, left special if 9~ U > 2.
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Complexity and special factors

» u a minimal sequence, p(n) the number of factors of length n. For a
factor U, let 97U > 1 be the number of letters a with U« a factor,
and 0~ U the number of letters 5 with SU a factor. Then

p(n+1)—p(n) = Z (0tU -1).

U€eLp(u)

» U is right special if 97U > 2, left special if 9~ U > 2.

» Sturmian sequences, p(n) = n+ 1 (Lecture 2, the rotation
coding): exactly one right special factor of each length, with 2
extensions; and one left special.

Pierre Arnoux Interval exchanges, Rauzy induction 43 /56



Arnoux—Rauzy sequences

Complexity and special factors

>

u a minimal sequence, p(n) the number of factors of length n. For a
factor U, let 97U > 1 be the number of letters a with U« a factor,
and 0~ U the number of letters 8 with SU a factor. Then

p(n+1)—p(n) = Z (0tU -1).

U€eLp(u)

» U is right special if 97U > 2, left special if 9~ U > 2.

» Sturmian sequences, p(n) = n+ 1 (Lecture 2, the rotation

Pierre Arnoux

coding): exactly one right special factor of each length, with 2
extensions; and one left special.

The graph I, of the factors of length n (an edge for each factor of
length n -+ 1): two loops glued along a segment; each loop is a
segment name, and these names evolve by 71, 7, the substitutions
of Euclid’s algorithm.

Interval exchanges, Rauzy induction

Sequences of complexity 2n + 1
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Complexity 2n + 1: the condition ()

» If p(n) =2n+1 then p(n+1) — p(n) =2 => (07U —1): at each
length, either one right special factor with 3 extensions, or two
right special factors with 2 extensions. Same for the left.

Pierre Arnoux Interval exchanges, Rauzy induction 44 /56



Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Complexity 2n + 1: the condition ()

» If p(n) =2n+1 then p(n+1) — p(n) =2 =3 (07U — 1): at each
length, either one right special factor with 3 extensions, or two
right special factors with 2 extensions. Same for the left.

» Condition (*) (Arnoux—Rauzy 1991): v is minimal,
p(n) =2n+1, and for each n there is a unique right special factor
D, and a unique left special factor G,; since p(n+1) — p(n) =2,
each of them has necessarily 3 extensions: 9D, =3, 9~ G, = 3.
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Complexity 2n + 1: the condition ()

» If p(n) =2n+1 then p(n+1) — p(n) =2 =3 (07U — 1): at each
length, either one right special factor with 3 extensions, or two
right special factors with 2 extensions. Same for the left.

» Condition () (Arnoux—Rauzy 1991): v is minimal,
p(n) =2n+1, and for each n there is a unique right special factor
D, and a unique left special factor G,; since p(n+1) — p(n) =2,
each of them has necessarily 3 extensions: 0D, =3, 0~ G, = 3.

» The graphs I', are then bouquets of 3 circles, glued at a point if
D, = G, along a segment otherwise. There are three n-segments,
with names U, VW, and the alphabet has 3 letters since p(1) = 3.
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Arnoux—Rauzy sequences

Complexity 2n + 1: the condition ()

Pierre Arnoux

If p(n) =2n+1 then p(n+1) — p(n) =2 =73 (07U —1): at each
length, either one right special factor with 3 extensions, or two
right special factors with 2 extensions. Same for the left.

Condition (x) (Arnoux—Rauzy 1991): v is minimal,

p(n) =2n+1, and for each n there is a unique right special factor
D, and a unique left special factor G,; since p(n+1) — p(n) =2,
each of them has necessarily 3 extensions: 0D, =3, 0~ G, = 3.

The graphs I, are then bouquets of 3 circles, glued at a point if
D, = G,, along a segment otherwise. There are three n-segments,
with names U, V, W, and the alphabet has 3 letters since p(1) = 3.

Evolution: from n to n+ 1, either the graph is slit (the segment
between G, and D, is shortened; names unchanged), or it bursts
(Gn, = Dy;): then, up to the choice of a letter,

(U, vV, W)~ (U, VU, WU).

Interval exchanges, Rauzy induction

Sequences of complexity 2n + 1
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

The three substitutions and the directing sequence

» Define substitutions on {1,2,3}:

o1: 1w1, 2421, 3+ 31
o2: 2432, 112, 332
o3: 3+3, 113, 223
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

The three substitutions and the directing sequence

» Define substitutions on {1,2,3}:

or: 1—1 221 3~ 31
o2: 22, 112 3+ 32
o3: 3—3, 1—13 2+ 23

» Proposition (Arnoux—Rauzy 1991): if u satisfies (x), there is a sequence
(ix) € {1,2,3}" taking each value infinitely often such that the names of
the n-segments are Uy = iy - -- 0j, (1), Vi = 0ip -~ 03, (2),

Wy = iy - -- 0, (3). Conversely, any such sequence defines a minimal
language of complexity 2n + 1 satisfying (x).
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Arnoux—Rauzy sequences

The three substitutions and the directing sequence

>

>

Pierre Arnoux

Define substitutions on {1,2, 3}:

or: 1—1 221 3~ 31
o2: 22, 112 3+ 32
o3: 3—3, 1—13 2+ 23

Proposition (Arnoux—Rauzy 1991): if u satisfies (), there is a sequence
(ix) € {1,2,3}" taking each value infinitely often such that the names of
the n-segments are Uy = iy - -- 0i, (1), Vi = 0ip -+ - 03, (2),

Wy = iy - - - 0, (3). Conversely, any such sequence defines a minimal
language of complexity 2n + 1 satisfying (x).

Why each value infinitely often: otherwise the system contains a periodic
sequence, or, if only two values occur, it contains a system of complexity
n+ C (a Sturmian-like system): contradiction with minimality.

Interval exchanges, Rauzy induction

Sequences of complexity 2n + 1
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Arnoux—Rauzy sequences

The three substitutions and the directing sequence

>

>

Pierre Arnoux

Define substitutions on {1,2, 3}:

or: 1—1 221 3~ 31
o2: 22, 112 3+ 32
o3: 3—3, 1—13 2+ 23

Proposition (Arnoux—Rauzy 1991): if u satisfies (), there is a sequence
(ix) € {1,2,3}" taking each value infinitely often such that the names of
the n-segments are Uy = iy - -- 0i, (1), Vi = 0ip -+ - 03, (2),

Wy = iy - - - 0, (3). Conversely, any such sequence defines a minimal
language of complexity 2n + 1 satisfying (x).

Why each value infinitely often: otherwise the system contains a periodic
sequence, or, if only two values occur, it contains a system of complexity
n+ C (a Sturmian-like system): contradiction with minimality.

This is the abstract “continued fraction” of the sequence u: the analogue
of the proposition of Lecture 2 for Sturmian sequences.

Interval exchanges, Rauzy induction

Sequences of complexity 2n + 1
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

The Tribonacci sequence

» The Tribonacci substitution 7: 1+ 12, 2+ 13, 3+ 1 has the fixed
point v = 1213121121312 .. The periodic directing sequence (1,2, 3)°
gives it: g10203 maps 1+ 1213121 = 73(1), 2 + 213121 (the mirror
image of 73(2) = 121312) and 3 + 3121 (the mirror image of
73(3) = 1213). So 710203 is the mirror image of 73, and the language is
closed under reversal.

Pierre Arnoux Interval exchanges, Rauzy induction 46 / 56



Arnoux—Rauzy sequences Sequences of complexity 2n + 1

The Tribonacci sequence

» The Tribonacci substitution 7: 1+ 12, 2+ 13, 3+ 1 has the fixed
point u = 1213121121312... The periodic directing sequence (1,2,3)>
gives it: 010203 maps 1 — 1213121 = 7'3(1), 2+ 213121 (the mirror
image of 73(2) = 121312) and 3 + 3121 (the mirror image of
73(3) = 1213). So 010203 is the mirror image of 73, and the language is
closed under reversal.

» One finds p(n) = 2n + 1; for each n exactly one right special factor and
one left special factor, each with 3 extensions; the left special factors are
the prefixes of u and the right special factors their reversals.
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

The Tribonacci sequence

» The Tribonacci substitution 7: 1+ 12, 2+ 13, 3+ 1 has the fixed
point u = 1213121121312... The periodic directing sequence (1,2,3)>
gives it: 010203 maps 1 — 1213121 = 7'3(1), 2+ 213121 (the mirror
image of 73(2) = 121312) and 3 + 3121 (the mirror image of
73(3) = 1213). So 010203 is the mirror image of 73, and the language is
closed under reversal.

» One finds p(n) = 2n + 1; for each n exactly one right special factor and
one left special factor, each with 3 extensions; the left special factors are
the prefixes of u and the right special factors their reversals.

> Letter frequencies: (671,072,07>) where 6 ~ 1.8393 is the Tribonacci
number, 0% = 6% +0 + 1.
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Arnoux—Rauzy sequences

The Tribonacci sequence

Pierre Arnoux

The Tribonacci substitution 7: 1+ 12, 2+ 13, 3+ 1 has the fixed
point u = 1213121121312... The periodic directing sequence (1,2,3)>
gives it: 010203 maps 1 — 1213121 = 7'3(1), 2+ 213121 (the mirror
image of 73(2) = 121312) and 3 + 3121 (the mirror image of

73(3) = 1213). So 010203 is the mirror image of 73, and the language is
closed under reversal.

One finds p(n) = 2n + 1; for each n exactly one right special factor and

one left special factor, each with 3 extensions; the left special factors are
the prefixes of u and the right special factors their reversals.

Letter frequencies: (67%,072,6>) where 6 ~ 1.8393 is the Tribonacci
number, 0% = 6% +0 + 1.

Periodic directing sequence (analogue of Lagrange’s theorem): the
system is generated by a primitive substitution on 3 letters, with
dominant eigenvalue a cubic algebraic number ©, and the interval lengths

lie in Q(O).

Interval exchanges, Rauzy induction

Sequences of complexity 2n + 1
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Properties of Arnoux—Rauzy sequences

» They are minimal and, since the complexity is linear, uniquely
ergodic (Boshernitzan 1984).
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Properties of Arnoux—Rauzy sequences

» They are minimal and, since the complexity is linear, uniquely
ergodic (Boshernitzan 1984).

» They are episturmian: closed under reversal, with left special
factors the prefixes of one infinite sequence.
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Arnoux—Rauzy sequences Sequences of complexity 2n + 1

Properties of Arnoux—Rauzy sequences

» They are minimal and, since the complexity is linear, uniquely
ergodic (Boshernitzan 1984).

» They are episturmian: closed under reversal, with left special
factors the prefixes of one infinite sequence.

» For Sturmian sequences the frequencies are given by a continued
fraction (Euclid). For Arnoux—Rauzy sequences, the frequencies of
the three letters are given by a “simultaneous continued fraction™
the nested intersection of the cones Mj, - - - M; R3 (next slides).
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Arnoux—Rauzy sequences

Properties of Arnoux—Rauzy sequences

Pierre Arnoux

They are minimal and, since the complexity is linear, uniquely
ergodic (Boshernitzan 1984).

They are episturmian: closed under reversal, with left special
factors the prefixes of one infinite sequence.

For Sturmian sequences the frequencies are given by a continued
fraction (Euclid). For Arnoux—Rauzy sequences, the frequencies of
the three letters are given by a “simultaneous continued fraction™
the nested intersection of the cones M, - - - M; R3 (next slides).

Unlike Sturmian sequences, they are not all codings of a rotation of
the torus T? (Cassaigne—Ferenczi-Zamboni 2000: a
counterexample); the Tribonacci sequence is one (Rauzy 1982).

Interval exchanges, Rauzy induction

Sequences of complexity 2n + 1
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Arnoux—Rauzy sequences

Properties of Arnoux—Rauzy sequences

Pierre Arnoux

They are minimal and, since the complexity is linear, uniquely
ergodic (Boshernitzan 1984).

They are episturmian: closed under reversal, with left special
factors the prefixes of one infinite sequence.

For Sturmian sequences the frequencies are given by a continued
fraction (Euclid). For Arnoux—Rauzy sequences, the frequencies of
the three letters are given by a “simultaneous continued fraction™
the nested intersection of the cones M, - - - M; R3 (next slides).

Unlike Sturmian sequences, they are not all codings of a rotation of
the torus T? (Cassaigne—Ferenczi-Zamboni 2000: a
counterexample); the Tribonacci sequence is one (Rauzy 1982).

Some of them are weakly mixing (Cassaigne—Ferenczi—-Messaoudi
2006): a very different behaviour from Sturmian sequences.

Interval exchanges, Rauzy induction

Sequences of complexity 2n + 1
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Arnoux—Rauzy sequences The Rauzy gasket

A simultaneous continued fraction

» The three matrices of the abelianization (columns: letters), the
inverses of the subtractive steps («, 3,7) — (o — 5 —~,8,7) and
its permutations:
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Arnoux—Rauzy sequences The Rauzy gasket

A simultaneous continued fraction

» The three matrices of the abelianization (columns: letters), the
inverses of the subtractive steps («, 3,7) — (o — 5 —~,8,7) and
its permutations:

» The weights («, 8,7) of the sequence lie in the nested intersection
(Ve My - M RY.
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Arnoux—Rauzy sequences The Rauzy gasket

A simultaneous continued fraction

» The three matrices of the abelianization (columns: letters), the
inverses of the subtractive steps («, 3,7) — (o — 5 —~,8,7) and
its permutations:

» The weights («, ,7) of the sequence lie in the nested intersection
Nk Mig -+ - M;, R3..

» Since each i occurs infinitely often, products M; M} My with i, j, k
distinct occur infinitely often; they are strictly contracting on the
positive cone, with a ratio bounded by a constant < 1: the triple is
unique up to homothety (same Perron—Frobenius argument as for
the Veech—-Masur theorem).
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Arnoux—Rauzy sequences The Rauzy gasket

A simultaneous continued fraction

» The three matrices of the abelianization (columns: letters), the
inverses of the subtractive steps («, 3,7) — (o — 5 —~,8,7) and
its permutations:

» The weights («, ,7) of the sequence lie in the nested intersection
Nk Mig -+ - M;, R3..

> Since each i occurs infinitely often, products M; MMy with i,j, k
distinct occur infinitely often; they are strictly contracting on the
positive cone, with a ratio bounded by a constant < 1: the triple is
unique up to homothety (same Perron—Frobenius argument as for
the Veech—-Masur theorem).

» The expansion of («, 3,7) is possible only if, at each step, one
weight exceeds the sum of the other two.
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Arnoux—Rauzy sequences The Rauzy gasket

The Rauzy gasket

» The Rauzy gasket is the set of triples
(v, B,7) (in the simplex) for which
this algorithm can be iterated forever.
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Arnoux—Rauzy sequences The Rauzy gasket

The Rauzy gasket

» The Rauzy gasket is the set of triples
(a0, B,7) (in the simplex) for which
this algorithm can be iterated forever.

» Remove the central triangle
{a<B+y B<atn yv<atB}
the algorithm maps each corner
triangle onto the whole simplex;
iterate.
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Arnoux—Rauzy sequences The Rauzy gasket

The Rauzy gasket

» The Rauzy gasket is the set of triples
(a0, B,7) (in the simplex) for which
this algorithm can be iterated forever.

» Remove the central triangle
{a<B+7, B<aty, vy<a+B)
the algorithm maps each corner
triangle onto the whole simplex;
iterate.

» Homeomorphic to the Sierpinski
gasket, of Lebesgue measure 0
(Arnoux—Starosta 2013), Hausdorff
dimension < 2
(Avila—Hubert-Skripchenko 2016).
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Arnoux—Rauzy sequences The Rauzy gasket

The Rauzy gasket

» The Rauzy gasket is the set of triples
(a0, B,7) (in the simplex) for which
this algorithm can be iterated forever.

» Remove the central triangle
{a<B+7, B<aty, vy<a+B)
the algorithm maps each corner
triangle onto the whole simplex;
iterate.

» Homeomorphic to the Sierpinski
gasket, of Lebesgue measure 0
(Arnoux—Starosta 2013), Hausdorff
dimension < 2
(Avila—Hubert-Skripchenko 2016).

» As Arnoux—Rauzy noted in 1991: one
can induce indefinitely only on a set of
measure zero, of the Sierpinski carpet
type.
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Arnoux—Rauzy sequences Six interval exchanges on the circle

The six interval exchange

» Let a > B+ . On the circle
of length o+ 3+ 7, cut three
arcs I, h, I3 of lengths
a, 3,7, and each in two equal
halves I, [;".

Pierre Arnoux Interval exchanges, Rauzy induction 50 /56



Arnoux—Rauzy sequences Six interval exchanges on the circle

The six interval exchange

> Let o> 3+ . On the circle
of length a + 3+ ~, cut three
arcs I, b, l5 of lengths
a, B,7, and each in two equal
halves /-, I;t.

i+ - I I& I » f: exchange the tw_o halves
1 ﬂ ; I‘. of each arc (preserving the
L 3 orientation), then rotate by a
\ q I3 a half-turn.
h 3 I !
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Arnoux—Rauzy sequences Six interval exchanges on the circle

The six interval exchange

» Let a > B+ . On the circle
of length a + 3+ ~, cut three
arcs I, b, l5 of lengths
a, B,7, and each in two equal
halves /-, I;t.

I+ ﬂ 1 & I > f: exchange the two halves
f

I‘. of each arc (preserving the
-3 orientation), then rotate by a

\ q I a half-turn.
- 1
l2 3 A > Left: the six arcs; right: their

images (same colours). f is a
6-interval exchange on the
circle, with lengths

a a f B 1y 7.
30 913:3:2,3: 0nly3
parameters.
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Arnoux—Rauzy sequences Six interval exchanges on the circle

Induction on an arc: the same family

» Lemma (Arnoux—Rauzy 1991): let ’ be the first return map of f
to f(/1), whose ends are identified. Then f’ is an exchange of the
same type, with weights (o/, 5',7') = (a = 8 — 7, B, 7).
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Arnoux—Rauzy sequences Six interval exchanges on the circle

Induction on an arc: the same family

» Lemma (Arnoux—Rauzy 1991): let ' be the first return map of f
to f(/1), whose ends are identified. Then f’ is an exchange of the
same type, with weights (o/,3",7') = (a — 8 — 7, B, 7).

» Proof: because o« > 3+, f(h) C Iy and f(l3) C ;. On
I{ = L N f(h), made of two arcs of length == 2 ,f'=1f.0On
I Ul3, f' = f2: the first iterate exchanges the halves, the second
creates a discontinuity at the middle which sends it to the ends of
f(h) and disappears after the identification.
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Arnoux—Rauzy sequences Six interval exchanges on the circle

Induction on an arc: the same family

» Lemma (Arnoux—Rauzy 1991): let ' be the first return map of f
to f(/1), whose ends are identified. Then f’ is an exchange of the
same type, with weights (o/,3",7') = (a — 8 — 7, B, 7).

» Proof: because a > 3+, f(h) C & and f(l3) C h. On
I{ = L N f(h), made of two arcs of length == 2 e==2 f'=f. On
I U l3, f' = f?: the first iterate exchanges the halves, the second
creates a discontinuity at the middle which sends it to the ends of
f(h) and disappears after the identification.

» With the partition (1, I, I3), itineraries are related by
v(f"x) = o1 (V/(f'"x)): the induction is the substitution o;.

Pierre Arnoux Interval exchanges, Rauzy induction 51 /56



Arnoux—Rauzy sequences

Induction on an arc: the same family

Pierre Arnoux

Lemma (Arnoux—Rauzy 1991): let f’ be the first return map of f
to f(/1), whose ends are identified. Then f’ is an exchange of the
same type, with weights (o/,3",7') = (a — 8 — 7, B, 7).

Proof: because a > 8+, f(h) C Iy and f(l3) C h. On

I{ = L N f(h), made of two arcs of length == 2 e==2 f'=f. On

I U l3, f' = f?: the first iterate exchanges the halves, the second
creates a discontinuity at the middle which sends it to the ends of
f(h) and disappears after the identification.

With the partition (/1, I, l3), itineraries are related by
v(f"x) = o1(V/(f'"x)): the induction is the substitution o;.

The same holds for o, and o3, inducing on the image of I, or I3,
when 8> a+~yorvy>a+f.

Interval exchanges, Rauzy induction

Six interval exchanges on the circle
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Arnoux—Rauzy sequences Six interval exchanges on the circle

The representation theorem

» |terate: given (ix), choose (v, 3,7) in the nested intersection of
cones (a ray). At each step one weight exceeds the sum of the other
two, so we can induce on the corresponding arc (by o, ). The arcs

J*K) = UJ,-(k) shrink to three points, the common ends of Iy, b, k5.
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Arnoux—Rauzy sequences Six interval exchanges on the circle

The representation theorem

» lterate: given (i), choose («, 3,7) in the nested intersection of
cones (a ray). At each step one weight exceeds the sum of the other
two, so we can induce on the corresponding arc (by o, ). The arcs

JK) = UJ,-(k) shrink to three points, the common ends of /1, b, I5.

» Theorem (Arnoux—Rauzy 1991): every minimal sequence of
complexity 2n + 1 satisfying (x) is represented by a 6-interval
exchange of the circle with the partition (/1, >, /3): its itineraries are
dense in Q. (The two possible itineraries of the common end of /;
and /; are the two limit sequences of o;, - - - 0, starting with i and
with j.)
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Arnoux—Rauzy sequences

The representation theorem

Pierre Arnoux

Iterate: given (ix), choose («, 3,7) in the nested intersection of
cones (a ray). At each step one weight exceeds the sum of the other
two, so we can induce on the corresponding arc (by o, ). The arcs

JK) = UJ,-(k) shrink to three points, the common ends of /1, b, I5.

Theorem (Arnoux—Rauzy 1991): every minimal sequence of
complexity 2n + 1 satisfying (x) is represented by a 6-interval
exchange of the circle with the partition (/1, I, k3): its itineraries are
dense in Q. (The two possible itineraries of the common end of /;
and /; are the two limit sequences of o;, - - - 0, starting with i and
with j.)

Remark: the natural coding of this exchange by its six arcs is a
different sequence: it has complexity 6n.

Interval exchanges, Rauzy induction

Six interval exchanges on the circle
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Arnoux—Rauzy sequences

The representation theorem

Pierre Arnoux

Iterate: given (ix), choose («, 3,7) in the nested intersection of
cones (a ray). At each step one weight exceeds the sum of the other
two, so we can induce on the corresponding arc (by o, ). The arcs

JK) = UJ,-(k) shrink to three points, the common ends of /1, b, I5.

Theorem (Arnoux—Rauzy 1991): every minimal sequence of
complexity 2n + 1 satisfying (x) is represented by a 6-interval
exchange of the circle with the partition (/1, I, k3): its itineraries are
dense in Q. (The two possible itineraries of the common end of /;
and /; are the two limit sequences of o;, - - - 0, starting with i and
with j.)

Remark: the natural coding of this exchange by its six arcs is a
different sequence: it has complexity 6n.

The weights of the exchange lie in the Rauzy gasket: the
construction works exactly for the parameters of the gasket.

Interval exchanges, Rauzy induction

Six interval exchanges on the circle
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Arnoux—Rauzy sequences Six interval exchanges on the circle

A thin family of exchanges, and its dynamics

> The six lengths (£, %,2,2,2, 7) span a Q-vector space of dimension

3 < 6: not totally irrational, and, as the gasket has measure 0, the
Veech-Masur theorem says nothing about this family.
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Arnoux—Rauzy sequences Six interval exchanges on the circle

A thin family of exchanges, and its dynamics

> The six lengths (£, %,2,2,2 7) span a Q-vector space of dimension
3 < 6: not totally irrational, and, as the gasket has measure 0, the

Veech-Masur theorem says nothing about this family.

» The natural coding by the six arcs is not generated by substitutions; one
needs an exchange of nine intervals, of which the six-interval exchange is
a factor (Arnoux—Cassaigne—Ferenczi-Hubert 2019).

Pierre Arnoux Interval exchanges, Rauzy induction 53 /56



Arnoux—Rauzy sequences Six interval exchanges on the circle

A thin family of exchanges, and its dynamics

> The six lengths (£, %,2,2,2 7) span a Q-vector space of dimension
3 < 6: not totally irrational, and, as the gasket has measure 0, the

Veech-Masur theorem says nothing about this family.

» The natural coding by the six arcs is not generated by substitutions; one
needs an exchange of nine intervals, of which the six-interval exchange is
a factor (Arnoux—Cassaigne—Ferenczi-Hubert 2019).

» The sequences themselves are uniquely ergodic; the six-interval exchanges
are not always: there are non-uniquely ergodic examples
(Dynnikov—Skripchenko). Under a Diophantine condition on the directing
sequence, they are uniquely ergodic and isomorphic to the sequence
(Arnoux—Cassaigne—Ferenczi-Hubert 2019).

Pierre Arnoux Interval exchanges, Rauzy induction 53 /56



Arnoux—Rauzy sequences

A thin family of exchanges, and its dynamics

Pierre Arnoux

The six lengths (2,9, 2,83 7) span a Q-vector space of dimension
3 < 6: not totally irrational, and, as the gasket has measure 0, the

Veech-Masur theorem says nothing about this family.

The natural coding by the six arcs is not generated by substitutions; one
needs an exchange of nine intervals, of which the six-interval exchange is
a factor (Arnoux—Cassaigne—Ferenczi-Hubert 2019).

The sequences themselves are uniquely ergodic; the six-interval exchanges
are not always: there are non-uniquely ergodic examples
(Dynnikov—Skripchenko). Under a Diophantine condition on the directing
sequence, they are uniquely ergodic and isomorphic to the sequence
(Arnoux—Cassaigne—Ferenczi-Hubert 2019).

For the periodic sequence (1,2,3)° (Tribonacci) the 6-exchange is
self-induced and the system is a rotation of the torus T? (Rauzy 1982):
the subject of the last slides. This holds for a large class (Arnoux—Ito
2001) and almost all AR systems (Berthé-Steiner—Thuswaldner 2019),
but not all.

Interval exchanges, Rauzy induction

Six interval exchanges on the circle
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Finale: the Peano curve

Tribonacci: three models of one system

> Let § ~1.8393, 83 = #% + 0 + 1. The Tribonacci system has three
realizations:

» the symbolic system: the fixed point of
1512, 2513, 3+ 1;

> the six interval exchange T on the circle (Arnoux—Yoccoz
exchange), with weights (o, 3,7) o (071,072,073): the
directing sequence (1,2,3)>;

> the translation R, : x — x + a of the torus T? = R?/Z?, with
a=(0"1,072).
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Finale: the Peano curve

Tribonacci: three models of one system

>

>

Pierre Arnoux

Let 9 ~ 1.8393, 63 = 6% + 0 + 1. The Tribonacci system has three
realizations:

» the symbolic system: the fixed point of
112, 2513, 3+ 1;

> the six interval exchange T on the circle (Arnoux—Yoccoz
exchange), with weights (o, 3,7) o (071,072,073): the
directing sequence (1,2,3)>;

> the translation R, : x — x + a of the torus T? = R?/Z?, with
a=(0"1,072).

Rauzy (1982): the symbolic system is a natural coding of R, (the
three pieces are Rauzy’s fractal domains);
Arnoux—Cassaigne—Ferenczi-Hubert (2019): T is
measure-theoretically isomorphic to R,.
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Finale: the Peano curve

Tribonacci: three models of one system

> Let § ~1.8393, 3 = 0% + 0 + 1. The Tribonacci system has three
realizations:

» the symbolic system: the fixed point of
112, 2513, 3+ 1;

> the six interval exchange T on the circle (Arnoux—Yoccoz
exchange), with weights (o, 3,7) o (071,072,073): the
directing sequence (1,2,3)>;

> the translation R, : x — x + a of the torus T? = R?/Z?, with
a=(0"1,072).

» Rauzy (1982): the symbolic system is a natural coding of R, (the
three pieces are Rauzy’s fractal domains);
Arnoux—Cassaigne—Ferenczi-Hubert (2019): T is
measure-theoretically isomorphic to R,.

» Arnoux (1988): the isomorphism is realized by a continuous map, a
plane-filling curve.
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Finale: the Peano curve

The semi-conjugacy

> ¢ S' — T? is continuous and
onto: a closed curve which fills
the torus (a Peano curve).

St ———> ¢!

T2 ————> T?
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Finale: the Peano curve

The semi-conjugacy

> ¢&:S' — T? is continuous and
onto: a closed curve which fills
the torus (a Peano curve).

» |t satisfies ® o T = R, o ®: the

T . . .
§ —— > ¢! dynamics of T on the circle is
sent to the translation of the

torus. It is not one-to-one.

T2 ————> T?
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Finale: the Peano curve

The semi-conjugacy

Sl —T)Sl

P T

> &:S! = T? is continuous and

onto: a closed curve which fills
the torus (a Peano curve).

It satisfies @ o T = R, o ®: the
dynamics of T on the circle is
sent to the translation of the
torus. It is not one-to-one.

The images of the six arcs are
tiles with fractal boundary,
which tile the torus: Rauzy's
fractal domains.
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Finale: the Peano curve

The semi-conjugacy

> ¢&:S' — T? is continuous and
onto: a closed curve which fills
the torus (a Peano curve).

» |t satisfies ® o T = R, o ®: the

T . . )
Sl — >l dynamics of T on the circle is
sent to the translation of the
torus. It is not one-to-one.

¢ ¢ » The images of the six arcs are
tiles with fractal boundary,
T2 —————> T2 which tile the torus: Rauzy's
Ra fractal domains.

» A sequence of curves, built by
substitution, converges to ¢
(picture).
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Finale: the Peano curve

The plane-filling curve

— « o=

Approximation of the plane-filling curve ® (lifted to the plane): figure from P. Arnoux,
Un exemple de semi-conjugaison entre un échange d’intervalles et une translation sur
le tore, Bull. SMF 116 (1988).
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