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Interval exchanges De�nition and coordinates

From rotations to interval exchanges

▶ A rotation of angle α is the �rst return map to a transversal circle of
the linear �ow of slope α on the torus C/Λ: lattices are the �at tori.

▶ Interval exchanges are the next case: �rst return maps to a
transversal interval of the straight line �ow on a translation surface

(a surface of genus g ≥ 2 obtained by gluing polygons by
translations).

▶ The space of lattices SL(2,R)/SL(2,Z) is replaced by the moduli
space of translation surfaces; the Gauss map and the continued
fraction are replaced by the induction of interval exchanges (Rauzy,
Veech).

▶ We study here the dynamics of a single interval exchange:
minimality criteria (Keane).
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Interval exchanges De�nition and coordinates

Interval exchange transformations: de�nition

▶ De�nition: cut [0, 1[ into k intervals Ii = [xi−1, xi [, with
0 = x0 < x1 < · · · < xk = 1, and rearrange them by
translations: T (x) = x + τi for x ∈ Ii , so that T is a bijection
of [0, 1[.

▶ Equivalently: a bijection of [0, 1[, continuous on the right, with
right derivative 1, and continuous except at k − 1 points.

▶ The Ii are the continuity intervals; D = {x1, . . . , xk−1} is the
set of discontinuities.

▶ k = 2: T (x) = x + λ2 mod 1 is a rotation. Interval
exchanges generalize rotations.
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Interval exchanges De�nition and coordinates

Coordinates (λ, π)

▶ Lengths: λi = |Ii | = xi − xi−1, so
λ = (λ1, . . . , λk) ∈ ∆k = {λ ∈ Rk

>0 :
∑

λi = 1}.

▶ Permutation: the images T (Ii ) are intervals; call
J1 < · · · < Jk the images, ordered from left to right. Then
T (Ii ) = Jπ(i), where π is a permutation of {1, . . . , k}: the
rank of the image.

▶ Translation vectors:

τi =
∑

π(j)<π(i)

λj −
∑
j<i

λj

(left end of Jπ(i) minus left end of Ii ).

▶ So T = (λ, π) is completely determined by λ ∈ ∆k and
π ∈ Sk .

Pierre Arnoux Interval exchanges, Rauzy induction 4 / 56



Interval exchanges De�nition and coordinates

Coordinates (λ, π)

▶ Lengths: λi = |Ii | = xi − xi−1, so
λ = (λ1, . . . , λk) ∈ ∆k = {λ ∈ Rk

>0 :
∑

λi = 1}.
▶ Permutation: the images T (Ii ) are intervals; call

J1 < · · · < Jk the images, ordered from left to right. Then
T (Ii ) = Jπ(i), where π is a permutation of {1, . . . , k}: the
rank of the image.

▶ Translation vectors:

τi =
∑

π(j)<π(i)

λj −
∑
j<i

λj

(left end of Jπ(i) minus left end of Ii ).

▶ So T = (λ, π) is completely determined by λ ∈ ∆k and
π ∈ Sk .

Pierre Arnoux Interval exchanges, Rauzy induction 4 / 56



Interval exchanges De�nition and coordinates

Coordinates (λ, π)

▶ Lengths: λi = |Ii | = xi − xi−1, so
λ = (λ1, . . . , λk) ∈ ∆k = {λ ∈ Rk

>0 :
∑

λi = 1}.
▶ Permutation: the images T (Ii ) are intervals; call

J1 < · · · < Jk the images, ordered from left to right. Then
T (Ii ) = Jπ(i), where π is a permutation of {1, . . . , k}: the
rank of the image.

▶ Translation vectors:

τi =
∑

π(j)<π(i)

λj −
∑
j<i

λj

(left end of Jπ(i) minus left end of Ii ).

▶ So T = (λ, π) is completely determined by λ ∈ ∆k and
π ∈ Sk .

Pierre Arnoux Interval exchanges, Rauzy induction 4 / 56



Interval exchanges De�nition and coordinates

Coordinates (λ, π)

▶ Lengths: λi = |Ii | = xi − xi−1, so
λ = (λ1, . . . , λk) ∈ ∆k = {λ ∈ Rk

>0 :
∑

λi = 1}.
▶ Permutation: the images T (Ii ) are intervals; call

J1 < · · · < Jk the images, ordered from left to right. Then
T (Ii ) = Jπ(i), where π is a permutation of {1, . . . , k}: the
rank of the image.

▶ Translation vectors:

τi =
∑

π(j)<π(i)

λj −
∑
j<i

λj

(left end of Jπ(i) minus left end of Ii ).

▶ So T = (λ, π) is completely determined by λ ∈ ∆k and
π ∈ Sk .

Pierre Arnoux Interval exchanges, Rauzy induction 4 / 56



Interval exchanges De�nition and coordinates

Example: four intervals, the reversing permutation
π(i) = 5− i

I1 I2 I3 I4

J1 J2 J3 J4

[0, 1[

T [0, 1[

τ1 = λ2 + λ3 + λ4, τ2 = λ3 + λ4 − λ1, τ3 = λ4 − λ1 − λ2,
τ4 = −(λ1 + λ2 + λ3).
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Interval exchanges De�nition and coordinates

First properties

▶ T is a bijection which is a translation on each Ii : it preserves
the Lebesgue measure.

▶ T−1 is again an interval exchange, with the same number of
intervals, with permutation π−1 and lengths λπ−1(j).

▶ For every n ∈ Z, T n is an interval exchange; its discontinuities
lie in

⋃
0≤j<n T

−jD (for n > 0), so it has at most n(k − 1) + 1
intervals.

▶ Reducible permutations: if π({1, . . . , n}) = {1, . . . , n} for
some n < k , then [0, xn[ is invariant: T is never minimal. We
assume from now on that π is irreducible:
π({1, . . . , n}) ̸= {1, . . . , n} for all n < k .
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Interval exchanges Induction: Keane's lemma

Keane's lemma: induction of an interval exchange

▶ Let T be an interval exchange on k intervals, and
I = [a, b[⊂ [0, 1[. For x ∈ I , let
n(x) = inf{n > 0 : T n(x) ∈ I} be the �rst return time.

▶ Lemma (Keane): the �rst return map TI (x) = T n(x)(x) is
de�ned everywhere on I , the return time is bounded, and TI is
again an interval exchange, with at most k + 2 intervals;
the return time is constant on each of them.

▶ Same idea as the induction of rotations: the induced system
belongs to the same family.

▶ Remark: a good choice of I keeps exactly k intervals: Rauzy
induction, the analogue of the Euclidean algorithm for interval
exchanges.
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Interval exchanges Induction: Keane's lemma

Proof of Keane's lemma

▶ T preserves the Lebesgue measure, so by Poincaré recurrence
almost every point of I returns to I .

▶ The return time and the translation can change only at the points
T−p(y)(y), where y ∈ D ∪ {a, b} and
p(y) = inf{n ≥ 0 : T−n(y) ∈ ]a, b[} is the �rst backward return
time of y in ]a, b[: at most k − 1+ 2 = k + 1 points.

▶ These points cut I into at most k + 2 semi-open intervals Ji . On
each of them n(x) = ni is constant and the iterates T j , j ≤ ni , are
translations.

▶ So the return time is de�ned and bounded (max ni ), and TI is a
bijection of I which is a translation on each Ji : an interval exchange
with at most k + 2 intervals. ■
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Interval exchanges Minimality: Keane's criteria

The Keane condition

▶ Let D∞ be the union of {1} and the orbits of the
discontinuities x1, . . . , xk−1. One checks that 0 ∈ D∞.

▶ Keane condition: (i) T is aperiodic (every orbit is in�nite);
(ii) if F is a �nite union of semi-open intervals with endpoints
in D∞ and T (F ) = F , then F = ∅ or F = [0, 1[.

▶ Theorem (Keane): T is minimal (every orbit is dense) if
and only if it satis�es the Keane condition.

▶ In words: there is no invariant �nite union of intervals with
endpoints in the orbits of the discontinuities.

Pierre Arnoux Interval exchanges, Rauzy induction 9 / 56



Interval exchanges Minimality: Keane's criteria

The Keane condition

▶ Let D∞ be the union of {1} and the orbits of the
discontinuities x1, . . . , xk−1. One checks that 0 ∈ D∞.

▶ Keane condition: (i) T is aperiodic (every orbit is in�nite);
(ii) if F is a �nite union of semi-open intervals with endpoints
in D∞ and T (F ) = F , then F = ∅ or F = [0, 1[.

▶ Theorem (Keane): T is minimal (every orbit is dense) if
and only if it satis�es the Keane condition.

▶ In words: there is no invariant �nite union of intervals with
endpoints in the orbits of the discontinuities.

Pierre Arnoux Interval exchanges, Rauzy induction 9 / 56



Interval exchanges Minimality: Keane's criteria

The Keane condition

▶ Let D∞ be the union of {1} and the orbits of the
discontinuities x1, . . . , xk−1. One checks that 0 ∈ D∞.

▶ Keane condition: (i) T is aperiodic (every orbit is in�nite);
(ii) if F is a �nite union of semi-open intervals with endpoints
in D∞ and T (F ) = F , then F = ∅ or F = [0, 1[.

▶ Theorem (Keane): T is minimal (every orbit is dense) if
and only if it satis�es the Keane condition.

▶ In words: there is no invariant �nite union of intervals with
endpoints in the orbits of the discontinuities.

Pierre Arnoux Interval exchanges, Rauzy induction 9 / 56



Interval exchanges Minimality: Keane's criteria

The Keane condition

▶ Let D∞ be the union of {1} and the orbits of the
discontinuities x1, . . . , xk−1. One checks that 0 ∈ D∞.

▶ Keane condition: (i) T is aperiodic (every orbit is in�nite);
(ii) if F is a �nite union of semi-open intervals with endpoints
in D∞ and T (F ) = F , then F = ∅ or F = [0, 1[.

▶ Theorem (Keane): T is minimal (every orbit is dense) if
and only if it satis�es the Keane condition.

▶ In words: there is no invariant �nite union of intervals with
endpoints in the orbits of the discontinuities.

Pierre Arnoux Interval exchanges, Rauzy induction 9 / 56



Interval exchanges Minimality: Keane's criteria

The Keane condition: idea of the proof

▶ (⇒) A proper invariant union of intervals contains the orbit of any
of its points: not dense. A periodic orbit is �nite: not dense.

▶ (⇐) Step 1: aperiodicity and �nite measure imply that D∞ is
dense in [0, 1]: otherwise, by �nite measure, some T p would map a
gap of D∞ into itself by a translation, hence by the identity, and its
points would be periodic.

▶ Step 2: take I = [a, b[ with a, b ∈ D∞. By Keane's lemma, the
union F of the towers T j(Ji ), 0 ≤ j < ni , is a �nite union of
semi-open intervals with endpoints in D∞, and T (F ) ⊂ F . By
conservation of measure, T (F ) = F : so F = [0, 1[.

▶ Step 3: so the backward orbit of every point meets I . The same
holds for T−1, which satis�es the condition too: every forward orbit
meets every I with endpoints in D∞, which are dense: T is
minimal. ■
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Interval exchanges Minimality: Keane's criteria

The irrationality criterion

▶ Corollary (Keane's i.d.o.c.): if the orbits of the
discontinuities are in�nite and distinct (no relation T n(xi ) = xj
with n ≥ 1), then T is minimal.

▶ λ ∈ Rk is totally irrational if there is no nontrivial relation∑
niλi = 0 with ni ∈ Z.

▶ Theorem: if π is irreducible and λ is totally irrational, then
T = (λ, π) is minimal.

▶ Corollary: for an irreducible π, almost every λ ∈ ∆k (for
Lebesgue measure) gives a minimal interval exchange: the
exceptional set is a countable union of hyperplanes.

▶ We prove the theorem by showing that the i.d.o.c. holds.
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (1/2): a relation

▶ Veech's matrix: the translations are τ = Mπλ, where
Mπ

c,m = [π(c) > π(m)]− [c > m] is an antisymmetric integer matrix (+1
if c < m and π(c) > π(m); −1 if c > m and π(c) < π(m); 0 otherwise).

▶ Suppose T n(xi ) = xj , n ≥ 1. Let Iiℓ contain T ℓ(xi ): i0 = i + 1 and
in = j + 1. Then

n−1∑
ℓ=0

(Mπλ)iℓ = T n(xi )− xi = xj − xi =
∑
m

(
[m ≤ j ]− [m ≤ i ]

)
λm.

▶ This is an integer linear relation
∑

m cmλm = 0, with
cm =

∑n−1

ℓ=0 M
π
iℓ,m

− [m ≤ j ] + [m ≤ i ].

▶ Let am = #{ℓ ∈ [1, n] : iℓ > m} and bm = #{ℓ ∈ [0, n−1] : π(iℓ) > m}.
By the formula for Mπ

c,m, cm = bπ(m) − am:

k∑
m=1

(
bπ(m) − am

)
λm = 0.
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Interval exchanges Minimality: Keane's criteria

Proof of the irrationality criterion (2/2): π is reducible

▶ If λ is totally irrational, the integer relation is trivial: am = bπ(m) for
all m.

▶ The sequences (am) and (bm) are nonincreasing, with ak = bk = 0
(we never have k < iℓ ≤ k) and a1 > 0 (since in = j + 1 ≥ 2).

▶ Let N = max{m : am > 0}: then 1 ≤ N < k, and
{m : am > 0} = {1, . . . ,N}. Since b is nonincreasing,
{m′ : bm′ > 0} = {1, . . . ,N ′}, and am = bπ(m) gives
π({1, . . . ,N}) = {1, . . . ,N ′}, so N ′ = N.

▶ So π({1, . . . ,N}) = {1, . . . ,N} with N < k: π is reducible.
Contradiction: the i.d.o.c. holds, and T is minimal. ■
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Interval exchanges Minimality: Keane's criteria

What comes next

▶ Ergodic measures: a minimal interval exchange on k intervals has
at most k − 1 ergodic measures (they are linearly independent, and
µ 7→ λµ is linear and injective into ∆k); in fact at most [k/2] (the
form Mπ is antisymmetric), and it is uniquely ergodic for k = 3.

▶ There are explicit minimal interval exchanges on 4 intervals with 2
ergodic measures. But, for an irreducible π, almost every (λ, π) is
uniquely ergodic (Masur, Veech 1982).

▶ These questions are directly related to di�erential equations on
compact surfaces, as rotations are related to the torus: the number
of ergodic measures is bounded by the genus of the surface; the
antisymmetric form Mπ is the intersection form.

▶ Next: the induction (Rauzy�Veech) as a dynamical system on the
space of interval exchanges, a higher dimensional version of the
Gauss map.
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Interval exchanges Minimality: Keane's criteria

Exercises on interval exchanges (1/2)

▶ Exercise 5. Show that τi =
∑

π(j)<π(i) λj −
∑

j<i λj .

▶ Exercise 6. Show that an interval exchange on two intervals is
conjugate, by a bijection, to a rotation of the circle; �nd its angle in
terms of λ1, λ2.

▶ Exercise 7. Show that T−1 is an interval exchange; give its
discontinuities, its lengths and its permutation. Show that T n has
at most n(k − 1) + 1 intervals of continuity.

▶ Exercise 8. Show that an interval exchange preserves the Lebesgue
measure, and that, if π({1, . . . , n}) = {1, . . . , n} for some n < k, it
is not minimal.
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Interval exchanges Minimality: Keane's criteria

Exercises on interval exchanges (2/2)

▶ Exercise 9. Show that a periodic point of an interval exchange lies
in an interval of points of the same period, whose left endpoint is in
the orbit of a discontinuity.

▶ Exercise 10 (⋆). Show that if the orbits of the discontinuities are
in�nite and distinct, then T satis�es the Keane condition.

▶ Exercise 11. For the four intervals and the reversing permutation
of the example, �nd a vector λ with T n(xi ) = xj for some n ≥ 1,
and check the relation

∑
(am − bπ(m))λm = 0.

▶ Exercise 12. Show that every irrational rotation is uniquely ergodic.
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Ergodic measures Independence of ergodic measures

Two distinct ergodic measures are carried by disjoint sets

▶ Setting: T a measurable map of [0, 1[ (an interval exchange),
µ1 ̸= µ2 two invariant ergodic probability measures.

▶ Lemma: there exist disjoint measurable sets E1,E2 with
µi (Ej) = δij .

▶ Proof: let ν = 1

2
(µ1 + µ2), invariant, and f = dµ1

dν ∈ [0, 2]. Since
µ1 and ν are invariant, f ◦ T = f a.e.: the sets {f > c} are
invariant.

▶ By ergodicity of µ1, f is µ1-a.e. a constant α1; likewise 2− f = dµ2
dν

is µ2-a.e. constant, so f = α2 µ2-a.e.

▶ If α1 = α2, then f is ν-a.e. constant, so µ1 = µ2. Hence α1 ̸= α2:
take Ei = {f = αi}. ■
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Ergodic measures Independence of ergodic measures

Ergodic measures are linearly independent

▶ Lemma: if µ1, . . . , µn are distinct ergodic invariant probabilities,
there are sets E1, . . . ,En with µi (Ej) = δij , so functions ϕi = 1Ei

with
∫
ϕi dµj = δij .

▶ Proof: for i ̸= j , take Eij with µi (Eij) = 1, µj(Eij) = 0 (previous
lemma), and Ei =

⋂
j ̸=i Eij .

▶ Corollary 1: µ1, . . . , µn are linearly independent in the space of
measures: if

∑
cjµj = 0, integrating ϕi gives ci = 0.

▶ Corollary 2: if there is only one ergodic measure, there is only one
invariant probability (every invariant probability is a mixture of
ergodic ones: ergodic decomposition).
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Ergodic measures The bound k − 1

An invariant measure of a minimal IET: the map h

▶ Let T = (λ, π) be a minimal interval exchange and µ an invariant
probability.

▶ µ has no atom: an atom has an orbit of atoms of equal mass; the
orbit is in�nite (minimality excludes periodic points), contradicting
µ([0, 1[) = 1.

▶ µ has full support: if µ(U) = 0 for an open set U ̸= ∅, minimality
gives [0, 1[=

⋃
n T

−nU, so µ([0, 1[) = 0.

▶ Hence h(x) = µ([0, x [) is continuous (no atom) and strictly
increasing (full support): a homeomorphism of [0, 1[, and h∗µ =
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Ergodic measures The bound k − 1

Tµ = h ◦ T ◦ h−1 is an interval exchange with the same
permutation

▶ Tµ is a bijection of [0, 1[, continuous on the right, and it preserves
the Lebesgue measure (because T preserves µ and h∗µ = Leb).

▶ On each h(Ii ), Tµ is an increasing bijection onto the interval
h(Jπ(i)) which preserves the length: it is a translation.

▶ So Tµ is an interval exchange. Since h is increasing, the order of
the intervals and of their images is unchanged: Tµ = (λµ, π) with
the same permutation π, and λµ =

(
µ(I1), . . . , µ(Ik)

)
.
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Ergodic measures The bound k − 1

The map µ 7→ λµ is linear and injective

▶ Linear: λµ = (µ(I1), . . . , µ(Ik)) is linear in µ.

▶ Injective: let µ, ν be invariant with λµ = λν ; then Tµ = Tν , that is
hµTh

−1

µ = hνTh
−1

ν . So g = h−1

ν hµ is a homeomorphism commuting
with T , with g(0) = 0.

▶ Then g(T n0) = T n(g(0)) = T n0: g is the identity on the orbit of
0, which is dense by minimality. So g = id, hµ = hν , and µ = ν.

▶ So the invariant measures of a minimal T embed linearly in Rk , as
vectors with positive coordinates summing to the mass.
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Ergodic measures The bound k − 1

At most k ergodic measures, then at most k − 1

▶ At most k: distinct ergodic measures are linearly independent, and
they embed linearly in Rk : there are at most k.

▶ Lemma: for every invariant µ, λµ does not have all its coordinates
rational. Otherwise Tµ has rational translations in 1

N
Z, so all its

orbits are �nite: it is not minimal, but it is conjugate to T which is.

▶ Theorem: a minimal interval exchange on k intervals has at most
k − 1 ergodic measures.

▶ Proof: suppose there are k of them, µ1, . . . , µk . The vectors λµi

(normalized) form a basis of Rk in the hyperplane
∑

xi = 1: their
convex hull contains a nonempty open set of this hyperplane, hence
a rational vector λ′ = λµ for some invariant µ (a convex
combination of the µi ). Contradiction with the Lemma. ■
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Ergodic measures The bound k − 1

Application: irrational rotations are uniquely ergodic

▶ An irrational rotation is a minimal interval exchange on k = 2
intervals: it has at most k − 1 = 1 ergodic measure.

▶ Lebesgue measure is invariant: it is the only invariant
probability measure (Corollary 2).

▶ Weyl equidistribution follows: for every x and every continuous
f , 1

n

∑
j<n f (R

jx) →
∫
f .

▶ The next question: what happens for k ≥ 3?
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Ergodic measures A better bound

The antisymmetric matrix Mπ and the bound [k/2]

▶ Veech's matrix Mπ
ij = 1 if i < j , π(i) > π(j); −1 if i > j , π(i) < π(j); 0

otherwise. It is antisymmetric and τ = Mπλ. We assume
π(n + 1) ̸= π(n) + 1.

▶ Let V be the vector space spanned by the vectors λµ (µ invariant),
N = kerMπ. Then V ∩ N = {0}: if Mπµ = 0 the two measures give
conjugate IETs with the same translation vectors, so µ = 0.

▶ The Birkho� sums of τ(x) = τi on Ii are bounded (Snτ(x) = T nx − x),
so

∫
τ dµ′ = ⟨λ′, τ⟩ = 0. Applied to Tµ′′ , whose translation vector is

Mπλ′′: ⟨λ′,Mπλ′′⟩ = 0 on V . V is isotropic for the antisymmetric form.

▶ The linear forms x 7→ ⟨x ,Mπµ⟩ live on Rk/(V ⊕ N), and µ 7→ ϕµ is
injective: 2 dimV ≤ k − dimN.

▶ Theorem: a minimal IET on k intervals has at most dimV ≤ [k/2]
ergodic measures.
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Ergodic measures A better bound

Consequences, and the geometric meaning

▶ A minimal IET on 3 intervals is uniquely ergodic ([3/2] = 1).

▶ There are explicit minimal IETs on 4 intervals with 2 ergodic
measures (Keane, 1977): the bound [k/2] = 2 is attained for k = 4.

▶ The form Mπ is a symplectic form: the intersection form of the
translation surface (rank 2g , g the genus). The space of invariant
measures lies in a Lagrangian subspace, of dimension at most g .

▶ But almost every (λ, π) is uniquely ergodic (Masur, Veech 1982):
this is the main result of the next two sections.
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Rauzy induction Rauzy induction

Induction again: Euclid's algorithm

▶ For k = 2, T = (λ, (2 1)) is the rotation of Lecture 3. Induce
on [0, 1− δ[ with δ = min(λ1, λ2): we get again an exchange
of two intervals, of lengths (λ1 − λ2, λ2) or (λ1, λ2 − λ1).

▶ This is the subtractive Euclid algorithm, the additive
continued fraction (Farey map): subtract the smaller length
from the larger.

▶ Rauzy's idea (1979): induce a k-interval exchange on
[0, 1− δ[, with δ the smaller of the lengths of the last interval
of the domain and of the image: we get again exactly k

intervals.

▶ Iterating gives a �multidimensional continued fraction�, a
dynamical system on the space of interval exchanges.
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Rauzy induction Rauzy induction

Two-row notation

▶ Label the intervals by letters. The top row lists the intervals in the
order of the domain I1 < · · · < Ik , the bottom row lists the same
letters in the order of their images J1 < · · · < Jk . The permutation
is π = πb ◦ π−1

t .

▶ Example, the reversing permutation on 3 letters:(
A B C

C B A

)
, π = (3 2 1).

▶ Letter A is the �rst of the top row and the last of the bottom row:
the �rst interval is sent to the right end. C is last on top, �rst at
the bottom.

▶ Let αt be the last letter of the top row and αb the last letter of
the bottom row. As π is irreducible, αt ̸= αb.
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the �rst interval is sent to the right end. C is last on top, �rst at
the bottom.

▶ Let αt be the last letter of the top row and αb the last letter of
the bottom row. As π is irreducible, αt ̸= αb.
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Rauzy induction Rauzy induction

Rauzy induction: the rule

▶ Compare λαt and λαb
(equality is excluded by Keane's condition: it

would be a connection between orbits of discontinuities). Induce T
on [0, 1− δ[, δ = min(λαt , λαb

).

▶ Top wins (λαt > λαb
): λ′

αt
= λαt − λαb

, other lengths unchanged;
the top row is unchanged; in the bottom row, αb is moved from the
last place to just after αt .

▶ Bottom wins (λαb
> λαt ): λ

′
αb

= λαb
− λαt ; the bottom row is

unchanged; in the top row, αt is moved to just after αb.

▶ Example: from

(
A B C

C B A

)
, if λC > λA we get

(
A B C

C A B

)
; if

λA > λC we get

(
A C B

C B A

)
.

Pierre Arnoux Interval exchanges, Rauzy induction 28 / 56



Rauzy induction Rauzy induction

Rauzy induction: the rule

▶ Compare λαt and λαb
(equality is excluded by Keane's condition: it

would be a connection between orbits of discontinuities). Induce T
on [0, 1− δ[, δ = min(λαt , λαb

).

▶ Top wins (λαt > λαb
): λ′

αt
= λαt − λαb

, other lengths unchanged;
the top row is unchanged; in the bottom row, αb is moved from the
last place to just after αt .

▶ Bottom wins (λαb
> λαt ): λ

′
αb

= λαb
− λαt ; the bottom row is

unchanged; in the top row, αt is moved to just after αb.

▶ Example: from

(
A B C

C B A

)
, if λC > λA we get

(
A B C

C A B

)
; if

λA > λC we get

(
A C B

C B A

)
.

Pierre Arnoux Interval exchanges, Rauzy induction 28 / 56



Rauzy induction Rauzy induction

Rauzy induction: the rule

▶ Compare λαt and λαb
(equality is excluded by Keane's condition: it

would be a connection between orbits of discontinuities). Induce T
on [0, 1− δ[, δ = min(λαt , λαb

).

▶ Top wins (λαt > λαb
): λ′

αt
= λαt − λαb

, other lengths unchanged;
the top row is unchanged; in the bottom row, αb is moved from the
last place to just after αt .

▶ Bottom wins (λαb
> λαt ): λ

′
αb

= λαb
− λαt ; the bottom row is

unchanged; in the top row, αt is moved to just after αb.

▶ Example: from

(
A B C

C B A

)
, if λC > λA we get

(
A B C

C A B

)
; if

λA > λC we get

(
A C B

C B A

)
.

Pierre Arnoux Interval exchanges, Rauzy induction 28 / 56



Rauzy induction Rauzy induction

Rauzy induction: the rule

▶ Compare λαt and λαb
(equality is excluded by Keane's condition: it

would be a connection between orbits of discontinuities). Induce T
on [0, 1− δ[, δ = min(λαt , λαb

).

▶ Top wins (λαt > λαb
): λ′

αt
= λαt − λαb

, other lengths unchanged;
the top row is unchanged; in the bottom row, αb is moved from the
last place to just after αt .

▶ Bottom wins (λαb
> λαt ): λ

′
αb

= λαb
− λαt ; the bottom row is

unchanged; in the top row, αt is moved to just after αb.

▶ Example: from

(
A B C

C B A

)
, if λC > λA we get

(
A B C

C A B

)
; if

λA > λC we get

(
A C B

C B A

)
.

Pierre Arnoux Interval exchanges, Rauzy induction 28 / 56



Rauzy induction Rauzy induction

Rauzy induction is a �rst return map

▶ Proposition: the new interval exchange (λ′, rows′), of total length
1− δ, is the �rst return map of T to I ′ = [0, 1− δ[.

▶ Proof, top wins (a = αt , b = αb, λa > λb).
T (Ib) = Jk = [1− λb, 1[ is the part outside I ′. If x ∈ I ′ \ Ib,
Tx ∈ I ′: return time 1. If x ∈ Ib ⊂ I ′, then Tx ∈ Jk ⊂ Ia (because
λa > λb) and T 2x ∈ T (Ia) ⊂ I ′: return time 2.

▶ So I ′a = [1− λa, 1− λb[ has length λa − λb, and T (Ia) = Jπ(a) splits
into T (I ′a) followed by T 2(Ib): in the new bottom row b comes right
after a.

▶ Bottom wins: same argument for T−1 (exchange the roles of the
two rows). ■
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Rauzy induction Rauzy induction

The Rauzy diagram

321

231 312

t
t

b
b

b t

▶ Rauzy class of π: the
permutations reached from π
by top and bottom moves. The
Rauzy diagram has these
vertices and two arrows (t and
b) out of each.

▶ Class of the reversing
permutation: 1, 3, 7 vertices
for k = 2, 3, 4.

▶ For k = 2: one vertex with two
loops: Euclid. For k = 3: the
diagram on the left, vertices
written π(1)π(2)π(3).

▶ A path in the diagram records
which letter wins at each step:
these are the �digits�.
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Rauzy induction A generalized continued fraction

The matrices of the induction

▶ Use positions in the top row, and b = π−1(k) (the interval whose
image is last). One step gives λ = Bλ′, with B a nonnegative
integer matrix of determinant 1 depending only on the step in the
diagram:

▶ Top wins: λk = λ′
k + λ′

b, other coordinates unchanged:
B = I + Ek,b.

▶ Bottom wins: λj = λ′
j (j < b), λb = λ′

b + λ′
b+1

, λj = λ′
j+1

(b < j < k), λk = λ′
b+1

.

▶ For k = 2:

(
1 0
1 1

)
and

(
1 1
0 1

)
: the Euclid matrices of Lecture 3.
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Rauzy induction A generalized continued fraction

The Rauzy�Veech map

▶ Normalize: R(λ, π) =
( B−1λ

|B−1λ|
, π′

)
on ∆k ×R, where R is

the Rauzy class: the analogue of the Farey map (k = 2).

▶ After n steps, λ = B(n)λ(n) with B(n) = B1B2 · · ·Bn: products
of matrices play the role of the convergents.

▶ The sequence of types (top/bottom) is the expansion of λ: it
is de�ned as long as no tie occurs, that is for all n if T
satis�es Keane's i.d.o.c. condition: for almost every λ.

▶ The �digits� are paths in a �nite diagram, instead of integers.
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Rauzy induction A generalized continued fraction

Cylinders and cones

▶ For a path γ of length n starting at π0, the set of (λ, π0)
whose expansion begins with γ is

[γ] = {λ ∈ ∆k : B−1
γ λ > 0} = Bγ(Rk

+) ∩∆k :

indeed the lengths stay positive exactly as long as the winners
are as prescribed.

▶ A nonempty open set: it has positive Lebesgue measure.

▶ The images B(n)(Rk
+) are nested cones:

B(n+1)Rk
+ = B(n)Bn+1Rk

+ ⊂ B(n)Rk
+ because Bn+1 is

nonnegative.
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Rauzy induction A generalized continued fraction

Acceleration and the Gauss measure

▶ As for the Farey map and the Gauss map, one can accelerate
(Zorich): group the consecutive steps where the same letter wins,
like the digits an of Lecture 3; the accelerated map has a �nite

invariant measure.

▶ Theorem (Veech, 1982), admitted: the Rauzy�Veech map R on
∆k ×R has an invariant σ-�nite measure, equivalent to Lebesgue
measure (with an explicit density: the �Gauss measure�), which is
in�nite, conservative and ergodic.

▶ The analogy: for the Farey map the invariant measure is dx/x ,
in�nite, conservative and ergodic; for the Gauss map dx

(1+x) ln 2 , �nite.

▶ Conservative and ergodic give: almost every point visits in�nitely
often every set of positive measure. This is the only property of the
measure we shall use.
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The Veech�Masur theorem Invariant measures and nested cones

Invariant measures follow the Rauzy path of T

▶ Let T = (λ, π) be minimal and satisfy the i.d.o.c.: its Rauzy
expansion is in�nite, with matrices B1,B2, . . . and induced maps
T (n) with lengths λ(n) > 0, λ = B(n)λ(n).

▶ Lemma: let µ be an invariant probability. Then Tµ = (λµ, π) has
the same Rauzy path as T .

▶ Proof: Tµ = hTh−1 with h increasing. Which of λαt , λαb
is larger

is decided by an order comparison between two points of [0, 1[
(xk−1 and the left end of Jk): h preserves it. The induced maps are
conjugate by h, and we iterate.

▶ Hence λµ = B(n)λ
(n)
µ with λ

(n)
µ > 0: λµ ∈ Cn := B(n)Rk

+ for all n.
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The Veech�Masur theorem Invariant measures and nested cones

The invariant measures lie in a nested intersection of cones

▶ The cones Cn = B(n)Rk
+ are nested:

C1 ⊃ C2 ⊃ · · · (picture: their
sections by the simplex ∆3, for a
3-interval exchange; the red point
is λ).

▶ Every invariant probability gives a
point λµ ∈

⋂
n Cn, and distinct

measures give distinct points
(injectivity of µ 7→ λµ).

▶ If
⋂

n Cn is a single ray, T is

uniquely ergodic: there is at most
one invariant probability, and
Lebesgue measure is one.

▶ So we must show that the cones
shrink to a ray, for almost every λ:
Perron�Frobenius.
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The Veech�Masur theorem Perron�Frobenius

Hilbert metric and positive matrices

▶ On the open orthant Rk
>0

, Hilbert's projective metric:

dH(x , y) = logmaxi,j
xiyj

xjyi
(a distance between rays).

▶ A nonnegative matrix without zero row maps the open orthant into
itself and does not expand dH .

▶ Birkho�'s contraction (admitted): if A is a positive matrix, with
∆(A) = diamdHA(Rk

+) < ∞, then
dH(Ax ,Ay) ≤ tanh

(
∆(A)/4

)
dH(x , y): a strict contraction. This is

the quantitative form of the Perron�Frobenius theorem.

▶ Permuting the coordinates does not change ∆(A).
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The Veech�Masur theorem Perron�Frobenius

In�nitely many positive blocks: the cones shrink to a ray

▶ Suppose the product B1B2B3 · · · contains, in�nitely often, disjoint
blocks equal to a �xed positive matrix P:
B(n) = Q0 P Q1 P Q2 P · · · with Qj nonnegative invertible.

▶ Each factor QjP is positive, with ∆(QjP) ≤ ∆(P) (Qj does not
expand): contraction coe�cient ≤ c = tanh(∆(P)/4) < 1, the
same for all j .

▶ So the Hilbert diameter of Cn is at most c j−1∆(P) after j blocks:
it tends to 0.

▶ Nested compact cones whose Hilbert diameter tends to 0:
⋂
Cn is a

single ray.
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The Veech�Masur theorem The Veech�Masur theorem

A positive loop in the Rauzy diagram

▶ Lemma (Veech): in every Rauzy class there is a loop γ whose
matrix Bγ is positive (all entries > 0): a primitive matrix.

▶ Example, k = 3, from π = (3 2 1) (path of the diagram):

(321)
t→ (231)

b→ (231)
t→ (321)

b→ (312)
t→ (312)

b→ (321)

Bγ =

1 1 1
2 4 1
2 3 2

 , detBγ = 1.

▶ For k = 4 the shortest positive loop at the reversing permutation
has length 11 (found by a computer search). The general existence
is admitted.
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The Veech�Masur theorem The Veech�Masur theorem

Almost every expansion contains the loop in�nitely often

▶ The cylinder [γ] ⊂ ∆k × {π0} of the loop is a nonempty open set:
it has positive measure, for Lebesgue and for the equivalent Gauss
measure.

▶ R is conservative and ergodic for the Gauss measure: almost every
(λ, π) visits [γ] in�nitely often.

▶ Each visit at time nj means that the matrices Bnj+1 · · ·Bnj+|γ| are
those of the loop: choosing visits separated by more than |γ| steps,
we get in�nitely many disjoint blocks equal to Bγ .

▶ (Ergodicity, not only conservativity, is needed: otherwise some paths
could never enter [γ].)
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The Veech�Masur theorem The Veech�Masur theorem

The Veech�Masur theorem

▶ Theorem (Masur, Veech 1982): for every irreducible permutation
π, almost every λ ∈ ∆k gives a uniquely ergodic interval exchange
(λ, π).

▶ Proof: for almost every λ, (i) no tie occurs, so the i.d.o.c. holds, T
is minimal and the expansion is in�nite; (ii) the expansion contains
the positive loop in�nitely often (previous slide).

▶ By Perron�Frobenius,
⋂

n Cn is a ray. The invariant measures lie in
this ray, and µ 7→ λµ is injective: there is at most one invariant
probability, and Lebesgue measure is one. ■
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The Veech�Masur theorem The Veech�Masur theorem

Remarks

▶ The theorem is the analogue, for k ≥ 3, of the unique ergodicity of
irrational rotations (all irrational rotations are uniquely ergodic: the
cones are the intervals of Euclid's algorithm).

▶ It is sharp: there are minimal, not uniquely ergodic, interval
exchanges (Keane 1977, for 4 intervals). The cones then shrink to a
cone of dimension ≥ 2, so no positive block occurs in�nitely often in
the expansion.

▶ Masur's proof is di�erent: it uses the Teichmüller �ow (the
geodesic �ow of the moduli space of translation surfaces, the
analogue of the geodesic �ow on the modular surface) and a
recurrence criterion (Masur's criterion). The two proofs were
published together in 1982.

▶ The loop γ replaces the positive blocks MiM
n
j Mk of Arnoux�Rauzy

in the next section.
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Arnoux�Rauzy sequences Sequences of complexity 2n + 1

Complexity and special factors

▶ u a minimal sequence, p(n) the number of factors of length n. For a
factor U, let ∂+U ≥ 1 be the number of letters α with Uα a factor,
and ∂−U the number of letters β with βU a factor. Then

p(n + 1)− p(n) =
∑

U∈Ln(u)

(
∂+U − 1

)
.

▶ U is right special if ∂+U ≥ 2, left special if ∂−U ≥ 2.

▶ Sturmian sequences, p(n) = n + 1 (Lecture 2, the rotation
coding): exactly one right special factor of each length, with 2
extensions; and one left special.

▶ The graph Γn of the factors of length n (an edge for each factor of
length n + 1): two loops glued along a segment; each loop is a
segment name, and these names evolve by τ1, τ2, the substitutions
of Euclid's algorithm.
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Arnoux�Rauzy sequences Sequences of complexity 2n + 1

Complexity 2n + 1: the condition (∗)

▶ If p(n) = 2n + 1 then p(n + 1)− p(n) = 2 =
∑

(∂+U − 1): at each
length, either one right special factor with 3 extensions, or two
right special factors with 2 extensions. Same for the left.

▶ Condition (∗) (Arnoux�Rauzy 1991): u is minimal,
p(n) = 2n + 1, and for each n there is a unique right special factor
Dn and a unique left special factor Gn; since p(n + 1)− p(n) = 2,
each of them has necessarily 3 extensions: ∂+Dn = 3, ∂−Gn = 3.

▶ The graphs Γn are then bouquets of 3 circles, glued at a point if
Dn = Gn, along a segment otherwise. There are three n-segments,
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Arnoux�Rauzy sequences Sequences of complexity 2n + 1

The three substitutions and the directing sequence

▶ De�ne substitutions on {1, 2, 3}:

σ1 : 1 7→ 1, 2 7→ 21, 3 7→ 31
σ2 : 2 7→ 2, 1 7→ 12, 3 7→ 32
σ3 : 3 7→ 3, 1 7→ 13, 2 7→ 23

▶ Proposition (Arnoux�Rauzy 1991): if u satis�es (∗), there is a sequence
(ik) ∈ {1, 2, 3}N taking each value in�nitely often such that the names of
the n-segments are Uk = σi0 · · ·σik

(1), Vk = σi0 · · ·σik
(2),

Wk = σi0 · · ·σik
(3). Conversely, any such sequence de�nes a minimal

language of complexity 2n + 1 satisfying (∗).
▶ Why each value in�nitely often: otherwise the system contains a periodic

sequence, or, if only two values occur, it contains a system of complexity
n + C (a Sturmian-like system): contradiction with minimality.

▶ This is the abstract �continued fraction� of the sequence u: the analogue
of the proposition of Lecture 2 for Sturmian sequences.
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Arnoux�Rauzy sequences Sequences of complexity 2n + 1

The Tribonacci sequence

▶ The Tribonacci substitution τ : 1 7→ 12, 2 7→ 13, 3 7→ 1 has the �xed
point u = 1213121121312 . . . The periodic directing sequence (1, 2, 3)∞

gives it: σ1σ2σ3 maps 1 7→ 1213121 = τ3(1), 2 7→ 213121 (the mirror
image of τ3(2) = 121312) and 3 7→ 3121 (the mirror image of
τ3(3) = 1213). So σ1σ2σ3 is the mirror image of τ3, and the language is
closed under reversal.

▶ One �nds p(n) = 2n + 1; for each n exactly one right special factor and
one left special factor, each with 3 extensions; the left special factors are
the pre�xes of u and the right special factors their reversals.

▶ Letter frequencies:
(
θ−1, θ−2, θ−3

)
where θ ≃ 1.8393 is the Tribonacci

number, θ3 = θ2 + θ + 1.

▶ Periodic directing sequence (analogue of Lagrange's theorem): the
system is generated by a primitive substitution on 3 letters, with
dominant eigenvalue a cubic algebraic number Θ, and the interval lengths
lie in Q(Θ).
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Arnoux�Rauzy sequences Sequences of complexity 2n + 1

Properties of Arnoux�Rauzy sequences

▶ They are minimal and, since the complexity is linear, uniquely
ergodic (Boshernitzan 1984).

▶ They are episturmian: closed under reversal, with left special
factors the pre�xes of one in�nite sequence.

▶ For Sturmian sequences the frequencies are given by a continued
fraction (Euclid). For Arnoux�Rauzy sequences, the frequencies of
the three letters are given by a �simultaneous continued fraction�:
the nested intersection of the cones Mi0 · · ·Mik

R3

+ (next slides).

▶ Unlike Sturmian sequences, they are not all codings of a rotation of
the torus T2 (Cassaigne�Ferenczi�Zamboni 2000: a
counterexample); the Tribonacci sequence is one (Rauzy 1982).

▶ Some of them are weakly mixing (Cassaigne�Ferenczi�Messaoudi
2006): a very di�erent behaviour from Sturmian sequences.
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Arnoux�Rauzy sequences The Rauzy gasket

A simultaneous continued fraction

▶ The three matrices of the abelianization (columns: letters), the
inverses of the subtractive steps (α, β, γ) 7→ (α− β − γ, β, γ) and
its permutations:

M1 =

1 1 1
0 1 0
0 0 1

 , M2 =

1 0 0
1 1 1
0 0 1

 , M3 =

1 0 0
0 1 0
1 1 1

 .

▶ The weights (α, β, γ) of the sequence lie in the nested intersection⋂
k Mi0 · · ·Mik

R3

+.

▶ Since each i occurs in�nitely often, products MiM
n
j Mk with i , j , k

distinct occur in�nitely often; they are strictly contracting on the
positive cone, with a ratio bounded by a constant < 1: the triple is
unique up to homothety (same Perron�Frobenius argument as for
the Veech�Masur theorem).

▶ The expansion of (α, β, γ) is possible only if, at each step, one
weight exceeds the sum of the other two.
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Arnoux�Rauzy sequences The Rauzy gasket

The Rauzy gasket

▶ The Rauzy gasket is the set of triples
(α, β, γ) (in the simplex) for which
this algorithm can be iterated forever.

▶ Remove the central triangle
{α < β + γ, β < α+ γ, γ < α+ β};
the algorithm maps each corner
triangle onto the whole simplex;
iterate.

▶ Homeomorphic to the Sierpi«ski
gasket, of Lebesgue measure 0
(Arnoux�Starosta 2013), Hausdor�
dimension < 2
(Avila�Hubert�Skripchenko 2016).

▶ As Arnoux�Rauzy noted in 1991: one
can induce inde�nitely only on a set of
measure zero, of the Sierpi«ski carpet
type.
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Arnoux�Rauzy sequences Six interval exchanges on the circle

The six interval exchange

I−
1I+

1

I−
2

I+
2

I−
3

I+
3

f

I−
1I+

1

I−
2

I+
2

I−
3

I+
3

▶ Let α > β + γ. On the circle
of length α+ β + γ, cut three
arcs I1, I2, I3 of lengths
α, β, γ, and each in two equal
halves I−i , I+i .

▶ f : exchange the two halves

of each arc (preserving the
orientation), then rotate by a

half-turn.

▶ Left: the six arcs; right: their
images (same colours). f is a
6-interval exchange on the
circle, with lengths
α
2
, α
2
, β
2
, β
2
, γ
2
, γ
2
: only 3

parameters.
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Arnoux�Rauzy sequences Six interval exchanges on the circle

Induction on an arc: the same family

▶ Lemma (Arnoux�Rauzy 1991): let f ′ be the �rst return map of f
to f (I1), whose ends are identi�ed. Then f ′ is an exchange of the
same type, with weights (α′, β′, γ′) = (α− β − γ, β, γ).

▶ Proof: because α > β + γ, f (I2) ⊂ I1 and f (I3) ⊂ I1. On
I ′
1
= I1 ∩ f (I1), made of two arcs of length α−β−γ

2
, f ′ = f . On

I2 ∪ I3, f
′ = f 2: the �rst iterate exchanges the halves, the second

creates a discontinuity at the middle which sends it to the ends of
f (I1) and disappears after the identi�cation.

▶ With the partition (I1, I2, I3), itineraries are related by
ν(f nx) = σ1

(
ν′(f ′nx)

)
: the induction is the substitution σ1.

▶ The same holds for σ2 and σ3, inducing on the image of I2 or I3,
when β > α+ γ or γ > α+ β.
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Arnoux�Rauzy sequences Six interval exchanges on the circle

The representation theorem

▶ Iterate: given (ik), choose (α, β, γ) in the nested intersection of
cones (a ray). At each step one weight exceeds the sum of the other
two, so we can induce on the corresponding arc (by σik ). The arcs

J(k) =
⋃
J
(k)
i shrink to three points, the common ends of I1, I2, I3.

▶ Theorem (Arnoux�Rauzy 1991): every minimal sequence of
complexity 2n + 1 satisfying (∗) is represented by a 6-interval
exchange of the circle with the partition (I1, I2, I3): its itineraries are
dense in Ω. (The two possible itineraries of the common end of Ii
and Ij are the two limit sequences of σi0 · · ·σik starting with i and
with j .)

▶ Remark: the natural coding of this exchange by its six arcs is a
di�erent sequence: it has complexity 6n.

▶ The weights of the exchange lie in the Rauzy gasket: the
construction works exactly for the parameters of the gasket.
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Arnoux�Rauzy sequences Six interval exchanges on the circle

A thin family of exchanges, and its dynamics

▶ The six lengths
(
α
2
, α
2
, β
2
, β
2
, γ
2
, γ
2

)
span a Q-vector space of dimension

3 < 6: not totally irrational, and, as the gasket has measure 0, the
Veech�Masur theorem says nothing about this family.

▶ The natural coding by the six arcs is not generated by substitutions; one
needs an exchange of nine intervals, of which the six-interval exchange is
a factor (Arnoux�Cassaigne�Ferenczi�Hubert 2019).

▶ The sequences themselves are uniquely ergodic; the six-interval exchanges
are not always: there are non-uniquely ergodic examples
(Dynnikov�Skripchenko). Under a Diophantine condition on the directing
sequence, they are uniquely ergodic and isomorphic to the sequence
(Arnoux�Cassaigne�Ferenczi�Hubert 2019).

▶ For the periodic sequence (1, 2, 3)∞ (Tribonacci) the 6-exchange is
self-induced and the system is a rotation of the torus T2 (Rauzy 1982):
the subject of the last slides. This holds for a large class (Arnoux�Ito
2001) and almost all AR systems (Berthé�Steiner�Thuswaldner 2019),
but not all.
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Finale: the Peano curve

Tribonacci: three models of one system

▶ Let θ ≃ 1.8393, θ3 = θ2 + θ + 1. The Tribonacci system has three
realizations:

▶ the symbolic system: the �xed point of
1 7→ 12, 2 7→ 13, 3 7→ 1;

▶ the six interval exchange T on the circle (Arnoux�Yoccoz
exchange), with weights (α, β, γ) ∝ (θ−1, θ−2, θ−3): the
directing sequence (1, 2, 3)∞;

▶ the translation Ra : x 7→ x + a of the torus T2 = R2/Z2, with
a = (θ−1, θ−2).

▶ Rauzy (1982): the symbolic system is a natural coding of Ra (the
three pieces are Rauzy's fractal domains);
Arnoux�Cassaigne�Ferenczi�Hubert (2019): T is
measure-theoretically isomorphic to Ra.

▶ Arnoux (1988): the isomorphism is realized by a continuous map, a
plane-�lling curve.
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Finale: the Peano curve

The semi-conjugacy

S1 S1

T2 T2

T

Ra

Φ Φ

▶ Φ : S1 → T2 is continuous and
onto: a closed curve which �lls

the torus (a Peano curve).

▶ It satis�es Φ ◦ T = Ra ◦ Φ: the
dynamics of T on the circle is
sent to the translation of the
torus. It is not one-to-one.

▶ The images of the six arcs are
tiles with fractal boundary,
which tile the torus: Rauzy's
fractal domains.

▶ A sequence of curves, built by
substitution, converges to Φ
(picture).
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Finale: the Peano curve

The plane-�lling curve

Approximation of the plane-�lling curve Φ (lifted to the plane): �gure from P. Arnoux,

Un exemple de semi-conjugaison entre un échange d'intervalles et une translation sur

le tore, Bull. SMF 116 (1988).
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