
Module 3 — Measure & Integration Lecture 3

Module 3
Lecture 3

Measurable Functions, Simple Functions &
Integration of Non-Negative Functions

Throughout this lecture, (𝑋, 𝒜, 𝜇) denotes a measure space.

1 Measurable Functions

Lemma 1.1

If 𝑓, 𝑔 ∶ 𝑋 → ℝ are two real-valued measurable functions, then

max(𝑓, 𝑔) and min(𝑓, 𝑔)

are measurable.

Proof. Let ℎ = max(𝑓, 𝑔) and 𝑘 = min(𝑓, 𝑔), so ℎ, 𝑘 ∶ 𝑋 → ℝ. Then for every 𝑎 ∈ ℝ,

ℎ−1(𝑎, +∞] = 𝑓−1(𝑎, +∞] ∪ 𝑔−1(𝑎, +∞],

and also
𝑘−1(𝑎, +∞] = 𝑓−1(𝑎, +∞] ∩ 𝑔−1(𝑎, +∞].

Both right-hand sides are measurable, being a union and an intersection of measurable sets.

1.1 Positive and Negative Parts

Let 𝑓 ∶ 𝑋 → ℝ be an extended real-valued function.

Definition 1.2: Positive and negative parts

The positive part of 𝑓 is 𝑓+ ∶ 𝑋 → [0, +∞],

𝑓+(𝑥) = max(𝑓(𝑥), 0).

The negative part of 𝑓 is 𝑓− ∶ 𝑋 → [0, +∞],

𝑓−(𝑥) = max(−𝑓(𝑥), 0).

Clearly 𝑓+, 𝑓− ≥ 0 are non-negative functions. Also,

• 𝑓 = 𝑓+ − 𝑓− (the decomposition of 𝑓),

• |𝑓| = 𝑓+ + 𝑓−.

Example 1.1. Let 𝑓(𝑥) = sin 𝑥 for 𝑥 ∈ [0, 2𝜋]. Then 𝑓+ agrees with sin 𝑥 on [0, 𝜋] and vanishes
on [𝜋, 2𝜋]; 𝑓− vanishes on [0, 𝜋] and equals − sin 𝑥 on [𝜋, 2𝜋]; and |𝑓| = | sin 𝑥| consists of two
arches.

1



Module 3 — Measure & Integration Lecture 3

𝜋 2𝜋

−1

1

𝑓(𝑥) = sin 𝑥

𝜋 2𝜋

−1

1

𝑓+

𝜋 2𝜋

−1

1

𝑓−

𝜋 2𝜋

−1

1

|𝑓| = 𝑓+ + 𝑓−

Lemma 1.3

𝑓+, 𝑓− are measurable if and only if 𝑓 is measurable. Moreover, if 𝑓 is measurable then
so is |𝑓|.

1.2 Indicator Functions

Definition 1.4: Indicator function

Let 𝐸 ⊆ 𝑋. The indicator function of 𝐸 is 𝟙𝐸 ∶ 𝑋 → ℝ defined by

𝟙𝐸(𝑥) = {1, 𝑥 ∈ 𝐸,
0, 𝑥 ∉ 𝐸.

Lemma 1.5

𝟙𝐸 is measurable if and only if 𝐸 is measurable.

Proof. For 𝑐 ∈ ℝ we have

𝟙−1
𝐸 (𝑐, +∞] =

⎧{
⎨{⎩

𝑋, 𝑐 < 0,
𝐸, 𝑐 ∈ [0, 1),
∅, 𝑐 ≥ 1.

Since 𝑋, ∅ ∈ 𝒜, every such preimage is measurable precisely when 𝐸 ∈ 𝒜.

1.3 Simple Functions

Definition 1.6: Simple function

A real-valued function 𝑓 ∶ 𝑋 → ℝ is called a simple function if the range of 𝑓 is finite.

Example 1.2. The Dirichlet function 𝑓 ∶ [0, 1] → ℝ,

𝑓(𝑥) = {0, 𝑥 ∈ ℚ ∩ [0, 1],
1, 𝑥 ∉ ℚ ∩ [0, 1],

is a simple function.
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Canonical representation of a simple function. Let 𝑓 ∶ 𝑋 → ℝ be a simple function with
range

𝑓(𝑋) = {𝑐1, 𝑐2, … , 𝑐𝑛}
(the 𝑐𝑖 distinct), and let

𝐸𝑖 = 𝑓−1(𝑐𝑖), 𝑖 = 1, … , 𝑛.
Clearly each 𝐸𝑖 is measurable if 𝑓 is measurable. Then

𝑓(𝑥) =
𝑛

∑
𝑖=1

𝑐𝑖 𝟙𝐸𝑖
(𝑥)

is the canonical representation of 𝑓 .
Remark.

• Simple functions are finite linear combinations of indicator functions 𝟙𝐸𝑖
, 𝑖 = 1, 2, … , 𝑛.

• 𝑓 is measurable if and only if each 𝐸𝑖 is measurable, 𝑖 = 1, 2, … , 𝑛.

Example 1.3. The Dirichlet function has canonical representation

𝑓 = 1 ⋅ 𝟙ℚ𝑐∩[0,1] + 0 ⋅ 𝟙ℚ∩[0,1].

Theorem 1.7

Let 𝑓, 𝑔 ∶ 𝑋 → ℝ be two simple functions. Then

• 𝑐𝑓 is simple for every 𝑐 ∈ ℝ;

• 𝑓 ± 𝑔 is simple.

Remark. The set
𝑆(𝑋) = { 𝑓 ∶ 𝑋 → ℝ ∣ 𝑓 is simple }

forms a linear space.
Note. We do not allow simple functions to assume the values ±∞.

Theorem 1.8: Simple Approximation Theorem

Let (𝑋, 𝒜, 𝜇) be a measure space and let 𝑓 ∶ 𝑋 → [0, +∞] be a measurable function. Then
there is a sequence {𝑓𝑛}𝑛∈ℕ of simple functions on 𝑋 such that

1. 0 ≤ 𝑓1 ≤ 𝑓2 ≤ ⋯ ≤ 𝑓 ;

2. 𝑓𝑛 → 𝑓 pointwise.

Moreover, 𝑓𝑛 → 𝑓 uniformly on any set 𝐴 ⊆ 𝑋 on which 𝑓 is bounded.

Exercises

Exercise 1.1. Let 𝑓 ∶ 𝑋 → ℝ and 𝑌 = 𝑓−1(ℝ). Then 𝑓 is measurable if and only if

(i) 𝑓−1(−∞) is measurable,

(ii) 𝑓−1(+∞) is measurable,

(iii) 𝑓 is measurable on 𝑌 .

3



Module 3 — Measure & Integration Lecture 3

Exercise 1.2. If 𝑓𝑛 ∶ 𝑋 → ℝ is a sequence of measurable functions on 𝑋, then

{𝑥 ∈ 𝑋 ∶ lim
𝑛→∞

𝑓𝑛(𝑥) exists}

is a measurable subset of 𝑋.

Exercise 1.3. If 𝑓 ∶ 𝑋 → ℝ and 𝑓−1(𝑟, +∞] is measurable for every 𝑟 ∈ ℚ, then 𝑓 is measurable
on 𝑋.

2 Integration of Non-Negative Functions
Let (𝑋, 𝒜, 𝜇) be a measure space and set

𝐿+ = { 𝑓 ∶ 𝑋 → [0, +∞] ∣ 𝑓 is measurable on 𝑋 },

i.e. the collection of all non-negative extended real-valued measurable functions. We always
adopt the convention 0 ⋅ ∞ = 0.

2.1 Integral of an Indicator Function

∫
𝑋

𝟙𝐸 𝑑𝜇 = ∫ 𝟙𝐸 = 𝜇(𝐸).

2.2 Integral of a Simple Function
Let 𝑓 ∶ 𝑋 → [0, ∞) be a non-negative measurable simple function with canonical representation

𝑓(𝑥) =
𝑛

∑
𝑖=1

𝑐𝑖 𝟙𝐸𝑖
(𝑥).

Then
∫

𝑋
𝑓 𝑑𝜇 = ∫ 𝑓 =

𝑛
∑
𝑖=1

𝑐𝑖 𝜇(𝐸𝑖).

Notation.
∫

𝑋
𝑓(𝑥) 𝑑𝜇(𝑥) = ∫

𝑋
𝑓 𝑑𝜇 = ∫ 𝑓.

Integral over a subset. Let 𝐴 ∈ 𝒜 and let 𝜑 = ∑𝑛
𝑖=1 𝑐𝑖𝟙𝐸𝑖

be a non-negative simple function.
Then

𝜑 ⋅ 𝟙𝐴 =
𝑛

∑
𝑖=1

𝑐𝑖 𝟙𝐴∩𝐸𝑖
,

and hence
∫

𝑋
𝜑 ⋅ 𝟙𝐴 =

𝑛
∑
𝑖=1

𝑐𝑖 𝜇(𝐴 ∩ 𝐸𝑖) =∶ ∫
𝐴

𝜑 𝑑𝜇.
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Proposition 2.1

Let 𝜑, 𝜓 be non-negative measurable simple functions. Then

(a) if 𝑐 ≥ 0, then ∫ 𝑐𝜑 = 𝑐 ∫ 𝜑;

(b) ∫(𝜑 + 𝜓) = ∫ 𝜑 + ∫ 𝜓;

(c) 𝜑 ≤ 𝜓 ⟹ ∫ 𝜑 ≤ ∫ 𝜓 (monotonicity);

(d) the map 𝐴 ↦ ∫
𝐴

𝜑 𝑑𝜇 is a measure on 𝒜.

Proof. Exercise.

2.3 Integral of a Function in 𝐿+

Definition 2.2: Integral of a non-negative measurable function

For 𝑓 ∈ 𝐿+,
∫ 𝑓 𝑑𝜇 = sup{∫ 𝜑 𝑑𝜇 ∶ 0 ≤ 𝜑 ≤ 𝑓, 𝜑 simple}.

Exercise 2.1. For 𝑓, 𝑔 ∈ 𝐿+:

• 𝑓 ≤ 𝑔 ⟹ ∫ 𝑓 ≤ ∫ 𝑔;

• ∫ 𝑐𝑓 = 𝑐 ∫ 𝑓 for 𝑐 ≥ 0.

Theorem 2.3: Monotone Convergence Theorem

If {𝑓𝑛} is a sequence in 𝐿+ such that 𝑓𝑗 ≤ 𝑓𝑗+1 for all 𝑗, and

𝑓 = lim
𝑛→∞

𝑓𝑛,

then
∫ 𝑓 = lim

𝑛→∞
∫ 𝑓𝑛.

Monotonicity is essential here. Consider the following sequences on ℝ with Lebesgue mea-
sure.

(1) 𝑓𝑛 = 𝟙[𝑛,𝑛+1). Then 𝑓𝑛 → 0 pointwise, but

∫ 𝑓𝑛 = 1 for all 𝑛, so lim
𝑛→∞

∫ 𝑓𝑛 = 1 ≠ 0 = ∫ 0.

(2) 𝑓𝑛 = 𝑛 ⋅ 𝟙(0,1/𝑛). Then 𝑓𝑛 → 0 pointwise, but

∫ 𝑓𝑛 = 1 for all 𝑛, while ∫ 0 = 0.

In both cases the sequence is not increasing, and the conclusion of the Monotone Convergence
Theorem fails.
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