Module 3 — Measure & Integration Lecture 3

Module 3
Lecture 3

Measurable Functions, Simple Functions &
Integration of Non-Negative Functions

Throughout this lecture, (X, .4, 1) denotes a measure space.

1 Measurable Functions

If f,g: X — R are two real-valued measurable functions, then

max(f, g) and min(f, g)

are measurable.

Proof. Let h = max(f,g) and k = min(f,g), so h,k: X — R. Then for every a € R,
h™!(a, +o0] = f~*(a,+00] U g~'(a, +o0],

and also
k™ (a, +oo] = f~!(a, +oo] N g~ (a, +o0.

Both right-hand sides are measurable, being a union and an intersection of measurable sets. [

1.1 Positive and Negative Parts

Let f: X — R be an extended real-valued function.

Definition 1.2: Positive and negative parts

The positive part of fis fT: X — [0, 400],
[T (xz) = max(f(z),0).
The negative part of fis f~: X — [0, +00],

[~ (z) = max(—f(z),0).

Clearly f*, f~ > 0 are non-negative functions. Also,

o f=f"—f" (the decomposition of f),

o fl=rT+
Example 1.1. Let f(z) = sinz for € [0,27n]. Then fT agrees with sinx on [0, 7] and vanishes
on [m,2r|; f~ vanishes on [0, 7] and equals —sinz on [m,27]; and |f| = |sinz| consists of two
arches.
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f(z) =sinx fr
1 1t
7\/71‘ ™ 271
1 —1
r fl=F"+F
1+ /\ 1t
7 2‘7‘- ™ 2m
-1 -1

ft, f~ are measurable if and only if f is measurable. Moreover, if f is measurable then
so is |f].

1.2 Indicator Functions

Definition 1.4: Indicator function

Let E C X. The indicator function of E' is 15: X — R defined by

1, z€E,
]lE(ﬂﬁ):{O s ¢ E

e O

1y is measurable if and only if £ is measurable.

C

Proof. For ¢ € R we have

X, ¢<0,
15 (c,400] =< E, c€[0,1),
0, c¢>1.

|

Since X, () € A, every such preimage is measurable precisely when E € A.

1.3 Simple Functions

Definition 1.6: Simple function

A real-valued function f: X — R is called a simple function if the range of f is finite.

Example 1.2. The Dirichlet function f: [0,1] — R,

~J0, zeQn]o,1],
f(””)‘{l, v ¢QN[0,1],

is a simple function.
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Canonical representation of a simple function. Let f: X — R be a simple function with
range

f(X)=Acy, 9,50, }

(the ¢, distinct), and let
E,L:f71<cl), 7/: 1,...,”.

Clearly each E; is measurable if f is measurable. Then

F@) =3 e g, (@)

is the canonical representation of f.

Remark.
+ Simple functions are finite linear combinations of indicator functions 15, i =1,2,...,n.
o fis measurable if and only if each E; is measurable, i = 1,2, ..., n.

Example 1.3. The Dirichlet function has canonical representation

J =1 Tgeno,1) + 0 Lgnjo,1)-

Let f,g: X — R be two simple functions. Then

e cf is simple for every c € R;

e f 4 g is simple.

Remark. The set
S(X)={f: X —R]| fissimple}

forms a linear space.

Note. We do not allow simple functions to assume the values +oo.

Theorem 1.8: Simple Approximation Theorem

Let (X, A, 1) be a measure space and let f: X — [0, +00] be a measurable function. Then
there is a sequence { f,, },,cy of simple functions on X such that

LOSfi<fo<<fs
2. f,, — [ pointwise.

Moreover, f, — f uniformly on any set A C X on which f is bounded.

Exercises

Exercise 1.1. Let f: X =+ Rand Y = f }(R). Then f is measurable if and only if
(i) f(—o0) is measurable,
(ii) f~'(+00) is measurable,

(iii) f is measurable on Y.
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Exercise 1.2. If f,: X — R is a sequence of measurable functions on X, then

{x € X: lim f,(z) exists}

n—,oo

is a measurable subset of X.

Exercise 1.3. If f: X — R and f~(r, +00] is measurable for every r € Q, then f is measurable
on X.

2 Integration of Non-Negative Functions
Let (X, A, 1) be a measure space and set

LT ={f: X = [0,400] | f is measurable on X },

i.e. the collection of all non-negative extended real-valued measurable functions. We always
adopt the convention 0 - co = 0.

2.1 Integral of an Indicator Function

/X]lEdM:/]lE:M<E)-

2.2 Integral of a Simple Function

Let f: X — [0,00) be a non-negative measurable simple function with canonical representation

n

f(x) = z_: ¢; g, ().

Then

/de“:/f:i_ilci“(Ei>'

/X F(w) du(r) = /X fan= [ .

Integral over a subset. Let A € Aandlet ¢ = Z?:l ¢;1, be a non-negative simple function.
Then l

Notation.

n

p-1y= Zci Lang,
=1

and hence

/SD‘]lA:ZCiN(AmEi> ==/sodu'
X A

=1
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Proposition 2.1

Let ¢, % be non-negative measurable simple functions. Then

(a) ichO,then/ap:c/(p;

® [+ [o+ v

(c) p<9Yp = /go < /1/} (monotonicity);

(d) the map A / @ dpu is a measure on A.
A

Proof. Exercise. O

2.3 Integral of a Function in L*

Definition 2.2: Integral of a non-negative measurable function

For f e L™,
/fd,u:sup{/god,u :0< < f, gosimple}.

Exercise 2.1. For f,ge L*:

°f£g:>/f§/g;

. /cf:c/ffocmO.
Theorem 2.3: Monotone Convergence Theorem

If {f,} is a sequence in L™ such that f; < f;,, for all j, and
f=lim f,,
n—oo

then
/f: lim [ f,.
n—oo

Monotonicity is essential here. Consider the following sequences on R with Lebesgue mea-
sure.

(1) fn =1y n41)- Then f, — 0 pointwise, but
/fnzlforalln, SO nh_)n;o fn=1#0=/0.
(2) fn,=n"1L1/n- Then f, — 0 pointwise, but
/fn =1 for all n, while /0 =0.

In both cases the sequence is not increasing, and the conclusion of the Monotone Convergence
Theorem fails.
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