Backward Orbits, Pre-Images, and Backward Branches

1 Backward Orbit

Let f: X — X be bijective. Then f is invertible, the inverse map exists such that

71X = X, flof=fof!'=1Ix (identity map).

We denote f™ = f~loflo-.-0f~! (n times).

Intuitively, “backward” means going to the past. For example, if 2o € X, then f(z) is the image
of xg under f. Now

FH(f(2o)) = f o f(o) = L(zo) = o,
which recovers the initial condition.

Thus, if f is invertible, we can consider both forward and backward iterations.

Definition. Let f : X — X be an invertible map. Let xg € X be the initial state. Then the forward
and backward orbit of xqy is defined as

O (x0) = {f " (w0) | n € Zco} = {f"(w0) | n € Zxo} .

Also, the full orbit is
O(xg) = OF (z0) UO™ (20) = {f™(w0) | n € Z}.

That is, the orbit is a bi-infinite sequence.

2 Pre-Image

Let f: X — X be a dynamical system (not necessarily invertible).

Let zg € X; then the pre-image of zq is the set

f N wo) ={x € X | f(z) = xo},
i.e., all points in X whose image is xg.

For n > 0, the n-th pre-image of g is

[ (wo) = {x e X | f*(x) = 20},

i.e., all points in X whose n-th iteration is xg.



Example. Let (S!, f) be the doubling map. Then every point xo € S* has exactly two pre-images
(see Figure 1).
Card (f'(z0)) =2 Vo e St

Xop--—f-----f-1

Figure 1: Graph of the doubling map: each horizontal line meets the graph twice.
Exercise. Let f:S' — S, f(x) = nx, n € N. Then

Card (f_l(xo)) =n Vo € St

Exercise (Exercise 2). Let n =5, (S, f) be the doubling dynamical system. Find Card (f~°(x0)).
In general, for n € N, find Card (f~"(z0)) = ?

3 Backward Branch
The backward branch, or a branch of pre-images, of x( is a sequence

{f @)}, 2, suchthat f(f"(x0)) = /" (20)
— a set if f is not invertible.

We denote .
O™ (x0) = | J f"(20).
n=0

If f is invertible, then O~ (xo) = O~ (o), i.e., the (unique) backward orbit of .
Remark. Sometimes the backward branch can be visualized by a tree diagram.
Example. Let (S', f) be the doubling map,

2z, xr<1/2

.St st =2 d1l=
f fw) = 2o mo {23;—1, x>1/2.

For pre-images:

$<%:>y:2x:>x:y/2, x<%,

1
$Z% — y=2r—-1 = x:%+§'
Hence .
f o) = {20, % + 2} (two pre-images).



In particular,

In general,

3 ={=

pe€{1,3,5,7,9,... }} (dyadic rational points).

Tree structure of the backward branch

1 3
1=0.0100... 3 =0.1100. ..




Invariant Sets

1 Invariant Sets

Let AC X.
1- Ais called forward invariant if f(A) C A.
2- A is called invariant if f(A) = A.
3- Ais called fully-invariant if f~1(A) = A.

Clearly:
fully invariant = invariant = forward invariant.

But not conversely.

Example. Let X =R, f: R - R,

Let A =0,1]. Then

Therefore A is forward invariant. But
0,4] = f(A) #A=0,1] not invariant.

Also
F7HA) =[0,2] #[0,1] = A.
A is not fully invariant.

Example (Example 2). In the diagram below, X = [0, 1].

1/2




0,5 = 0,5]

[O, %] 1s fully invariant.

Example (Example 3). f(z) = 2%, X =R.
A =10,1].
f(A)=A=10,1] invariant.

fﬁl(A) = [_17 1] 2A

not fully invariant.

|
|
|
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Exercise. (a) Let (X, f) be a dynamical system. Let xg € X be a periodic point with period n.

Show that the set O (xq) (forward orbit) is

e forward invariant.
e invariant.

e is Ot (xo) fully invariant?

(b) If g is not periodic, then show that the set O (xg) is forward invariant, but not fully invari-

ant.

(c) Let xg € X be an aperiodic point in X. Let

A= 0% (x0) U O(x0),

where

e O (x0) is the forward orbit,

e O(x0) is a backward branch of xo.

Show that A is forward invariant and invariant.

2 Smallest Fully Invariant Set Containing O™ (z)

Let zg € X be a fixed point in X. Then

O (z0) = {0},

and

O(zo) = {f "(x0) | n € N}

The set

backward branch of zg.

A= {0} UO(x0)

is
e forward invariant,

e invariant, and fully invariant.



Let xg not be a fixed point. Then the set
A =07 (z) UO(x)
is
e invariant, forward invariant, but not fully invariant.

Because if y € O (zg), y = x,,, then

fHy) € A

In order to find the minimal fully invariant set that contains the orbit of xg, the set

A= |J Ow

ye€OT (z0)

is the smallest fully invariant set containing O™ (zg).

3 Exercises

1- If O™ (x¢) is a finite set, then g is periodic or pre-periodic. If f is invertible, then any
pre-periodic orbit is periodic.

2- Show that if f is invertible then

FUA) = A4 — f(4)=A.

3- Show that for any subset A C X, if f71(A) = A then
f(A) = A.
4- Show that if f~1(A) = A then

FHA) = A° where A° = X \ A.

5- Let p € X be a fixed point. Then what is the smallest fully invariant set A containing p, both
in the invertible and non-invertible case?



