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Properties of Measures, Outer Measures, and Measurable Functions

Lecturer: Shamsa Ishaq e Affiliation: LCWU, Lahore

We record the basic calculus of a measure — monotonicity, subadditivity, and continuity
from below and above — and see, via the counting measure, that continuity from above
genuinely needs a finiteness hypothesis. We then answer the natural question left open in
Lecture 1: how do we actually build a well-behaved o-algebra and a measure on it? The tool
is Carathéodory’s outer measure construction, which starts from a length-type set function
on an elementary family and manufactures, on the other side, a complete measure on a
genuine o-algebra — Lebesgue measure on R being the flagship example. We close with
measurable functions: the class of maps between measurable spaces that measure theory
(and, eventually, integration) can act on.
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1 Basic Properties of a Measure
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Theorem 1.1

Let (X, A, p) be a measure space.
(a) Monotonicity. If £, F € Aand E C F, then p(E) < u(F).
(b) Subadditivity. If {£;}°, C A, then

(c) Continuity from below. If {F;}°, C Aand E; C E C -+, then
o
N(l:L_JlEz) = D pllEy) = sip i)

J

(d) Continuity from above. If {E;}°, C A, E1 D E3 O ---, and p(E1) < +o0o, then

n—-+o0o

,u(ﬁEl) = lim w(E,) = i%f,u(En).
=1

Exercise 1.1 (proof of Theorem 1.1)

Prove parts (a)—(d) above. Hint: for (b)—(d), disjointify the sequence first — set F} = Ej
and F,, = E, \ (F1U---UE,_1) for n > 2 in the increasing case, apply countable additivity
to the F),, and use monotonicity where needed. Part (d) follows from (c) applied to F1\ E,,,
using p(F1) < +oo to justify subtracting.

Remark 1.1 (finiteness in (d) is essential)

The hypothesis p(E1) < +oo in part (d) cannot be dropped. Consider the counting measure
space (N, P(N), ), and let

Ej:{nEN:an}.
Then Ey O Ey O -+, and u(Ej) = 4oo for every j (each Ej is infinite) — yet

nEiZQ = ,u(ﬂEZ> =u(@)=0 # lim p(E;) = +oc.
i=1 i=1

j—+oo

Here u(E7) = 400, so the hypothesis of (d) fails, and indeed its conclusion fails too.

1.1 Null sets, almost everywhere, and completeness

Let (X, A, i) be a measure space.

Definition 1.1 (p-null set)

A set E C X is called p-null if y(E) = 0.
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Definition 1.2 (almost everywhere)

We say that a property P holds almost everywhere on X (a.e. on X) if

u{xGX:Pfaﬂstoholdatx}:0.

For example, if we say that a real-valued function f : X — R is continuous a.e. on X, we
mean that the set {z : f is not continuous at z} has zero measure.

Definition 1.3 (complete measure)

A measure whose domain includes every subset of a null set is called complete. That is,
1 is complete if
p(A)=0 = E € A for every E C A.

2 Outer Measures and Carathéodory’s Theorem

We now address the question left open by Lecture 1: how does one actually find a good o-algebra
and a good measure on a space X7 The tool is to define an outer measure on all of P(X) first,
and then cut it down.

Definition 2.1 (outer measure)

An outer measure p* : P(X) — Rxg is a set function satisfying:

(i) p*(U; i) <3, 0% (4)  (p* is subadditive).

Question 2.1

How do we construct an outer measure on a set X7

Definition 2.2 (elementary family)

A family of sets ¥ C P(X) is called an elementary family if the following properties hold
on X:

(a) @ €%
(b) if E,F € ¥ then ENF € %;

(c) if E € ¥ then E€ is a finite disjoint union of members of 3.

Example

The collection of all intervals of R forms an elementary family.

Page 3 of



Module IIT — Dynamical Systems (Basic Part)

Proposition 2.1

Let ¥ C P(X) be an elementary family, and let p : ¥ — [0, +o0] be such that & € X,
X € ¥, and p(@) = 0. For any A C X, define

WH(A) = inf{ip(Ei) . B;e S and AC GE}
=1

=1

Then p* is an outer measure.

Example (explanation)

In R, for any A C R there is a countable collection of open intervals {I;}°; such that
A C |, I;. Let p = length of an interval. We define

©r i PR) — [0, +00],  pr(A) = mf{iwi) ] AC UL},
i=1 @

where £(1;) is the length of the interval I;. Then p* is called the Lebesgue outer measure
on R.

Definition 2.3 (Carathéodory measurability)

A set A C X is called p*-measurable if

p(E) = (ENA) +p (ENAY)  VECX.

Proposition 2.2

The collection of all p*-measurable sets forms a o-algebra on X:

A={FE C X : Eis p*-measurable }.

Example

In R: A ={FE C R : E is Lebesgue measurable } is a o-algebra — the o-algebra of all
Lebesgue measurable sets, i.e., the extension of the elementary family of all intervals.

Theorem 2.3 (Carathéodory’s Theorem)

If ©* is an outer measure on X, the collection A of all p*-measurable sets forms a o-algebra,
and the restriction of p* to A is a complete measure.

Remark 2.1 (observation)

Lebesgue measure arises precisely as the measure furnished by Carathéodory’s Theorem,
applied to the Lebesgue outer measure above. In this sense, Lebesgue measure is the
length-type measure on R.
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2.1 The Carathéodory construction, schematically

P(X)

Reading the diagram: p is the elementary length-type function, defined only on the elemen-
tary family &; p* extends it (via the infimum construction) to all of P(X), at the cost of losing
countable additivity in general; restricting p* back down to the o-algebra A of p*-measurable
sets recovers a genuine, complete, countably additive measure p = p*| 4.

Remark 2.2 (m(Q) =0)

The Lebesgue measure of any countable set is zero. In particular, in R, m(Q) = 0. There-
fore: every real number is a.e. irrational, or equivalently, almost every real point is irrational.

3 Measurable Functions

Let (X, .A) and (Y, B) be two measurable spaces. We now define what it means for a function
f: X — Y to be measurable.

Definition 3.1 (pull-back image)

Let f: X — Y be a mapping. For E C Y,
fFUB)={zeX: f(z) e E}

is called the pull-back image of F.

Let B be a o-algebra on Y. Then
A=f1B)={fY(E):EcB}

is a o-algebra on X. Consequently (X,.4) and (Y, B) are two measurable spaces.

Definition 3.2 ((A, B)-measurable mapping)

A mapping f: X — Y is called (A, B)-measurable, or just measurable, if

ffY(E)ye A VEEeB.
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Proposition 3.1 (composition)

If f: X =Y is (A, B)-measurable and g : Y — Z is (B, C)-measurable, then
gof:X —Z is(A,C)measurable.

That is, the composition of two measurable mappings is measurable.

Proposition 3.2 (testing measurability on a generating family)

Let (X,A) and (Y,B) be two measurable spaces. If B = o(X), i.e. B is generated by a
family X, then

f:X =Y is (A B)-measurable <= f Y(E)c A VE¢€X.

Corollary 3.3

Let X, Y be two metric (or topological) spaces. Then every continuous function is (Bx, By )-
measurable, since

YU CY open = f Y(U) C X open.

A function f : R — R is Lebesgue measurable if and only if for each £ C R, F Lebesgue
measurable = f~1(F) is Lebesgue measurable.

Proposition 3.4

If (X, M) is a measurable space, a real-valued function f : X — R is measurable if and
only if

f((a,)) eM  VYabeR.

4 Exercises: Preimages and Measurable Functions

These exercises are all about computing, or reasoning directly with, preimages f~(FE) — since
that is exactly what Definition 3.2 and Proposition 3.4 ask you to check.

Exercise 4.1 (equivalent preimage tests for measurability)

[a” +OO] = mn(a - %7 +OO]'
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Exercise 4.2 (indicator functions)

Let A C X and let ¥4 : X — R be its indicator function. Show that ¥4 is A-measurable
if and only if A € A. Hint: compute H‘ZI(E) explicitly for £ C R, distinguishing the four
cases according to whether 0 € E and whether 1 € E.

Exercise 4.3 (the Dirichlet function is measurable)

Let f =WFg : R — R be the Dirichlet function,

_J1 z€Q,
ro-{y e

Show directly, by computing f _1((a, b)) for arbitrary a < b in R and checking each case
against the Lebesgue o-algebra, that f is Lebesgue measurable. Hint: there are exactly
four cases, according to whether (a,b) contains 0, contains 1, contains both, or contains
neither — in every case the preimage is either @, R, Q, or Q¢, and each of these is Lebesgue
measurable (Q is countable, hence Lebesgue-null, hence measurable by completeness).

Exercise 4.4 (measurable, but nowhere continuous)

Show that the Dirichlet function f = #g from the previous exercise is discontinuous at every
point of R. Hint: use the density of both Q and Q¢ in R. Conclude that Corollary 3.3
(continuous = measurable) cannot be used to establish the measurability you just
proved directly — measurability is a strictly weaker, and more flexible, requirement than
continuity.

Exercise 4.5 (preimages under a piecewise function)

Define f : R — R by

2 <0,
flx)=<¢ax 0<z<1,
2 x>1.

Compute f~1((0,1)) and f~!([1,3)) explicitly as subsets of R, and use Proposition 3.4
together with your computation (and the fact that f is continuous on each piece) to verify
that f is Borel measurable.

Exercise 4.6 (sums, via preimages)
Let f,g: X — R be A-measurable. Verify the set identity
{zeX: flx)+g(x)<a} = U ({xf(x) <ryn{z:g(z) <a—r}),
re@Q

and use it, together with the fact that Q is countable, to conclude that f+g is A-measurable.

Exercise 4.7 (max and min, via preimages)

Let f,g: X — R be A-measurable. Express {z : max(f, ¢)(x) > a} and {z : min(f, g)(z) >
a} each as a union or intersection of preimages of f and g, and conclude that max(f, g)
and min(f, g) are both A-measurable.

Page 7 of



Module IIT — Dynamical Systems (Basic Part)

Exercise 4.8 (composing with a continuous function)

Let (X,.A) be a measurable space, let f : X — R be measurable, and let ¢ : R — R be
continuous. Show that o f : X — R is measurable. Hint: combine Corollary 3.3 with
Proposition 3.1. Use this to give a one-line proof that f? and |f| are measurable whenever

fis.
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